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teleportation.  Our  protocol  exploited  squeezed-state  entanglement  shared  between  Alice's  sending  station  and  Bob's 
receiving  terminal  to  teleport  an  unknown  quantum  state  from  Alice  to  Bob.  The  experimentally  determined  fidelity  was 
^  greater  than  that  which  could  be  achieved  by  classical  means. 

Since  this  initial  effort,  we  have  used  the  current  ARO  support  in  an  attempt  to  extend  the  results  to  yet  higher 
values  of  fidelity  (i.e.,  improved  quality  of  teleportation)  that  would  enable  the  teleportation  of  manifestly  quantum  or 
nonclassical  states  of  light.  We  are  as  well  attempting  to  implement  improved  measurement  techniques  to  characterize  the 
input  and  output  states  by  way  of  quantum  state  tomography.  Finally,  we  have  invented  and  analyzed  theoretically  other 
protocols  for  quantum  information  processing  with  continuous  quantum  variables  (including  quantum  dense  coding),  and 
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its  initial  value  r|^=80%  to  t|^=94%.  Note  that  this  factor  enters  directly  into  the  overall  fidelity  for  teleportation.  We  have 
^  also  obtained  new  nonlinear  crystals  for  parametric  down  conversion  to  generate  the  EPR  beams  as  well  as  for  frequency 
doubling  for  the  pump  beam,  with  some  improvement  in  the  efficiency  but  with  blue-light  induced  absorption  still  being 
the  major  limiting  factor.  With  support  from  other  agencies,  we  have  also  been  able  to  replace  many  other  of  the  critical 
components  of  the  experiment  (which  were  more  more  than  10  years  old).  Most  significantly,  we  have  been  able  to 
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replace  the  existing  Titanium  sapphire  laser  (which  was  a  homemade  unit  and  which  was  in  a  constant  state  of  failure) 
and  its  associated  Argon-ion  pump  laser. 

Theoretical  efforts  have  been  directed  to  a  theory  of  quantum  dense  coding  for  continuous  quantum  variables,  of 
quantum  teleportation  for  broad  bandwidth  fields,  and  of  the  teleportation  of  the  quantum  states  of  matter.  As  part  of  an 
ongoing  program  to  delineate  the  quantum  versus  classical  boundaries  for  quantum  information  processing  ,we  have 
carried  out  an  extensive  investigation  of  this  question  for  teleportation  of  coherent  states  of  light.  We  have  examined  the 
quantum-classical  boundary  by  investigating  questions  of  entanglement  and  Bell-inequality  violations  for  the  EPR  states 
relevant  to  continuous  variable  teleportation.  The  threshold  for  employing  entanglement  as  a  quantum  resource  in 
teleportation  of  coherent  states  is  found  to  be  Fchssicai  -  Likewise,  violations  of  local  realism  onset  at  this  same 
threshold  Fdassicai  -  ‘/2-  These  results  are  in  agreement  with  our  previous  analysis  based  upon  the  utilization  of  a  classical 
channel  without  entanglement  for  teleportation. 
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Proposal  for  teleportation  of  the  wave  function  of  a  massive  particle 

A.S.  Parkins^  and  H.J.  Kimble^ 

^Department  of  Physics,  University  of  Auckland,  Auckland,  Neiv  Zealand 
"^Norman  Bridge  Laboratory  of  Physics  12-33,  California  Institute  of  Technology,  Pasadena,  CA  91125,  U.S,A. 

(September  6,  1999) 


We  propose  a  scheme  for  teleporting  aji  atomic  center-of- 
mass  wave  function  between  distant  locations.  The  scheme 
uses  interactions  in  cavity  quantum  electrodynamics  to  facili¬ 
tate  a  coupling  between  the  motion  of  an  atom  trapped  inside 
a  cavity  and  external  propagating  light  fields.  This  enables 
the  distribution  of  quantum  entanglement  and  the  realization 
of  the  required  motional  Bell-state  analysis. 

PACS  numbers:  03.67.Hk,  42.50.-p,  42.50.Vk 

In  a  landmark  work  of  1993,  Bennett  et  al,  [1]  discov¬ 
ered  a  procedure  for  teleporting  an  unknown  quantum 
state  from  one  location  to  another.  The  essential  ingre¬ 
dient  in  their  protocol  is  quantum  entanglement  of  a  bi¬ 
partite  system  shared  by  the  sender,  Alice,  and  receiver, 
Bob.  This  shared  entanglement,  in  unison  with  suitable 
measurements  performed  by  Alice  and  communicated  via 
classical  channels  to  Bob,  ‘mediates’  the  state  transfer. 

Since  the  work  of  Bennett  et  at.,  a  variety  of  possible 
experimental  schemes  for  the  teleportation  of  quantum 
states  of  two- state  systems  have  been  proposed,  in  large 
part  by  the  quantum  optics  community  (see,  e.g.,  [2-5]). 
In  an  exciting  recent  development,  the  first  experimental 
investigations  of  teleportation  of  such  states  have  been 
performed  [6,7]  with,  in  particular,  the  polarization  state 
of  a  photon  providing  the  two-state  system  of  interest. 

Complementing  this  work  on  two-state  systems  has 
been  research  into  the  teleportation  of  states  of  infinite¬ 
dimensional  systems  [8,9],  culminating  last  year  in  the 
experimental  demonstration  of  quantum  teleportation  of 
optical  coherent  states  [10].  This  experiment  was  based 
on  the  specific  proposal  of  [9],  utilizing  squeezed-state 
entanglement  and  balanced  homodyne  measurements  of 
the  light  fields.  Given  that  the  experiment  employed  only 
standard  optical  elements  and  measurement  techniques, 
it  offers  significant  promise  of  further  intriguing  possibili¬ 
ties  for  c[uantum  information  processing  with  continuous 
quantum  variables,  including  quantum  dense  coding  [11], 
and  universal  quantum  computation  [12], 

Another  burgeoning  field  of  research  in  quantum  infor¬ 
mation  science  is  the  implementation  of  quantum  logic 
with  trapped  atoms  or  ions.  Inspired  by  the  proposal  of 
Cirac  and  Zoller  [13]  for  a  quantum  computer  based  on 
the  motional  and  internal  degrees  of  freedom  of  a  collec¬ 
tion  of  trapped  ions,  impressive  experimental  progress 
has  been  made  towards  controlling  quantum  proper¬ 
ties  in  such  systems  [14,15].  Particular  advantages  of 
trapped  atom  systems  include  long  coherence  times  and 


the  exquisite  control  of  transformations  between  mo¬ 
tional  and  internal  states. 

In  view  of  this  tremendous  potential  of  both  light-  and 
motion-based  schemes  for  quantum  information  process¬ 
ing,  it  is  sensible  to  investigate  possibilities  for  combining 
the  two  approaches  and  their  distinct  advantages.  One 
particular  application  would  be  to  quantum  networks 
for  distributed  quantum  computing  and  communication, 
where,  e.g.,  the  ‘distribution’  is  accomplished  with  light 
fields  [16],  while  local  processing  is  performed  on  mo¬ 
tional  states  of  a  collection  of  trapped  atoms.  Indeed, 
with  the  protocols  of  [16]  in  mind,  we  have  recently  pro¬ 
posed  and  analyzed  a  cavity-QED-based  system  that  en¬ 
ables  the  transfer  of  quantum  states  between  the  motion 
of  a  trapped  atom  and  propagating  light  fields  [17,18], 
which  should  lead  to  new  capabilities  for  the  synthesis 
and  control  of  quantum  states  for  both  motion  and  light. 

A  particular  example  from  [18]  is  the  possibility  of 
creating  an  EPR  (Einstein-Podolsky- Rosen)  state  in 
position-momentum  for  distantly  separated  atoms.  The 
creation  of  such  an  entangled  state  between  remote  par¬ 
ticles  suggests  an  avenue  for  achieving  teleportation  of 
an  unknown  wave  function  of  a  trapped  particle  between 
the  EPR  sites.  In  this  letter,  we  propose  and  analyze 
one  such  protocol  that  enables  the  teleportation  of  an 
unknown  one-dimensional  atomic  center- of-mass  wave 
function  and  that  should  be  attainable  within  the  con¬ 
text  of  emerging  experimental  capabilities  for  trapping 
atoms  in  cavity  QED  [19,20]. 

Our  proposed  teleportation  scheme  is  shown  schemat¬ 
ically  in  Fig.  1.  Each  of  Alice  {A),  Bob  (B),  and  Vic¬ 
tor  (V)  possess  an  atom  trapped  inside  an  optical  cav¬ 
ity.  The  aim  is  to  teleport  the  (ar-dimension)  motional 
state  of  Victor  s  atom  to  Bob’s  atom.  This  is  achieved 
via  the  three  usual  stages  for  continuous  quantum  vari¬ 
ables  [9,10]  -  (i)  preparation  of  quantum  entanglement 
between  Alice  and  Bob’s  atoms,  (ii)  Bell-state  (homo¬ 
dyne)  measurement  by  Alice,  and  (iii)  phase-space  dis¬ 
placement  [D(a*)]  by  Bob  (given  the  classical  result  a  of 
Alice’s  measurement).  Finally,  the  state  of  Bob’s  atom 
may  be  examined  by  Victor  for  verification  of  the  qual¬ 
ity  of  the  teleportation  (or  indeed,  physically  delivered 
to  Victor).  Stages  (i)  and  (ii),  as  illustrated  in  Fig.  1, 
employ  the  cavity-mediated  motion-light  state  transfer 
scheme  of  [17],  to  which  we  now  turn  our  attention. 

Briefly,  a  single  two-level  atom  (or  ion)  is  tightly  con¬ 
fined  in  a  harmonic  trap  located  inside  a  high-finesse  op¬ 
tical  cavity.  The  atomic  transition  of  frequency  is  cou¬ 
pled  to  a  single  mode  of  the  cavity  field  of  frequency 


and  also  to  an  external  (classical)  laser  field  of  frequency 
and  strength  fn-  The  physical  setup  and  excitation 
scheme  are  depicted  in  Fig.  2(a),  The  cavity  is  aligned 
along  the  x-axis,  while  the  field  is  incident  from  a  di¬ 
rection  in  the  y-z  plane.  Both  the  cavity  field  and  £h  are 
far  from  resonance  with  the  atomic  transition,  but  their 
difierence  frequency  is  chosen  so  that  they  drive  Raman 
transitions  between  neighboring  motional  number  states 
(i.e.,  u^c  —  u;l  =  Vxy  with  the  a?-axis  trap  frequency), 

A  number  of  assumptions  are  made  in  order  to  achieve 
the  desired  motion-light  coupling:  (i)  Atomic  sponta¬ 
neous  emission  is  neglected  and  the  internal  atomic  dy¬ 
namics  adiabatically  eliminated,  (ii)  The  size  of  the  har¬ 
monic  trap,  located  at  a  node  of  the  cavity  field,  is  taken 
to  be  small  compared  to  the  optical  wavelength  (Lamb- 
Dicke  regime),  enabling  the  approximations  sin(Ai^) 
+^i)  and  £i,{y^z,i)  ^  where  r}x  (<  1) 

is  the  Lamb-Dicke  parameter  and  x  -  [hl2mUxYl'^{hx  + 
^x)’  The  trap  frequency  Vx  and  cavity  field  decay 
rate  k  are  assumed  to  satisfy  Ux>  \{gQ7]x  / 
where  go  is  the  single-photon  atom-cavity  mode  coupling 
strength,  and  A  =  u^a  —  cjl-  The  first  inequality  allows  a 
rotating-wave  approximation  to  be  made  with  respect  to 
the  trap  oscillation  frequency,  while  the  second  inequality 
enables  an  adiabatic  elimination  of  the  cavity  field  mode. 

Under  these  conditions,  the  motional  mode  dynamics 
in  the  x  direction  is  w’ell  described  by  the  simple  quantum 
Langevin  equation  [17] 

+  ,  (1) 

where  and  r(f)  =  [5o»?^|£l(OI/A]V«. 

The  operator  5in(t)  obeys  the  commutation  relation 
[ain(t),  and  describes  the  quantum  noise 

input  to  the  cavity  field  (in  a  frame  rotating  at  the  cav¬ 
ity  frequency).  From  the  linear  nature  of  (1),  it  follows 
that  the  statistics  of  a  (continuous)  light  field  incident 
upon  the  cavity  can  be  ^written  onto*  the  state  of  the 
atomic  motion.  This  also  means  that  entanglement  be¬ 
tween  separate  light  fields  can  be  transferred  to  entan¬ 
glement  between  separate  motional  states,  as  we  discuss 
below.  From  a  consideration  of  the  input-output  theory 
ol  optical  cavities  [21],  it  also  follows  that  measurements 
on  the  cavity  output  field  amount  to  measurements  on 
the  motion  of  the  atom.  In  particular,  one  can  show  that 

flout (i)  -UinW  +  v'2f^6j:(<) .  (2) 

So,  for  a  vacuum  input  field,  homodyne  measurements 
on  the  cavity  output  field  realize  position  or  momentum 
measurements  (or  some  mixture,  depending  on  the  local 
oscillator  phase)  on  the  trapped  atom.  This  enables  the 
necessary  Bell-state  analysis  to  be  performed. 

To  begin  the  teleportation  procedure,  Victor*s  atom 
is  prepared  in  a  particular  motional  state  \(p)yx  in  the 
X  dimension  (e.g.,  by  the  techniques  of  [15]).  With  the 
motion-light  coupling  switched  off  in  Victor *s  cavity  (i.e., 


Elv  =  0),  this  state  is  assumed  to  remain  unchanged  until 
required  by  Alice  for  the  Bell-state  analysis. 

Next,  a  position-momentum  EPR  state  of  Alice  and 
Bob’s  atoms  is  prepared  by  using  the  motion-light  cou¬ 
pling  described  in  (1),  with  input  light  fields  from  a  non¬ 
degenerate  optical  parametric  amplifier  (NOPA).  This 
preparation,  described  in  detail  in  [18],  is  depicted  in 
Fig.  2(b).  The  two  quantum-correlated  output  light  fields 
from  a  NOPA  (operating  below  threshold)  are  separated 
and  made  to  impinge  on  Alice  and  Bob’s  cavities,  respec¬ 
tively.  Assuming  =  F^  -  F,  after  a  time  i  >  F'^ 
the  following  pure  entangled  motional  state  is  prepared, 

WaB  =  5Us(r’)|0)^a:|0)i3r 

oo 

=  [cosh(r)]-^  [- tanli(r)]'”  .  (3) 

m—0 

where  are  Fock  states  of  the  motional  modes  and 

Sab{Y  =  exp[r(6^^.6/3a,.  ^Ax^Bx)]^  ^  ‘entangle¬ 

ment’  parameter.  Once  this  state  has  been  prepared,  the 
atom-cavity  couplings  are  turned  off  (F^,  F^  0),  as  is 
the  NOPA  pump  field.  Again,  we  assume  that  the  en¬ 
tangled  state  (3)  remains  unchanged  until  the  next  step 
in  the  procedure. 

At  this  stage  in  the  protocol,  the  total  system  state  is  * 

l^l)  =  Ifhx  \i’)AB  .  (4) 

The  Bell-state  analysis  performed  by  Alice  is  depicted 
in  Fig,  3.  At  a  predetermined  time,  Victor  switches  on 
his  atom-cavity  coupling  Fy  via  ^Lv(t),  thus  converting 
the  state  \(p)\;x  to  that  of  a  freely  propagating  field  de¬ 
livered  to  input  beam-splitter  BS  of  Alice’s  sending  sta¬ 
tion.  With  due  accounting  for  propagation  delay,  Al¬ 
ice  has  likewise  switched  on  the  coupling  F^  from  her 
cavity,  where,  for  simplicity,  Fy  =  F^  =  F.  Note  that 
Victor  and  Alice’s  cavities  both  have  vacuum  inputs  at 
this  stage.  The  two  cavity  output  fields  are  combined  by 
Alice  at  the  50/50  beamsplitter  BS,  the  two  outputs  of 
which  are  incident  on  homodyne  detectors  D±.  Through 
the  input-output  relation  (2),  and  through  the  mixing 
of  the  cavity  output  fields  at  the  beamsplitter,  these 
detectors  effect  hqmodyne  measurements  on  the  modes 
c±  =  2  [hyx^^Ax)^  The  effect  of  these  measurements 
is  to  project  the  system  state  onto  quadrature  eigenstates 
of  the  modes  5±,  given  by  |xi)±  =  Q±{x±)\0)±,  where 
<5±(X±)  =  (27r)-V4exp[_(l/2)(4e’®=t  -  X±)^  +X±/4], 
with  9±  the  local  oscillator  (LO)  phases  [22-24].  In 
[23,24],  this  projection  is  proved  with  the  assumption 
that  the  local  oscillator  photon  flux  matches  the  tem¬ 
poral  shape  of  the  signal  flux  [which  in  our  case  is  set  by 
F(t)],  while  the  variable  x  is  shown  to  be  equivalent  to 
the  integrated  homodyne  photocurrent. 

For  the  two  homodyne  measurements  we  choose  LO 
phases  =  0  and  9^  7r/2.  With  these  choices  one 

can  show  that,  in  terms  of  the  original  mode  operators, 

Q-f-(/Y+)Q-(x~)  =  (27r)“^/^exp  (-|a|^/2) 
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•  exp  (^-IvJax  +  aivr  +  a*bAx)  ,  (5) 

where  a  —  (x+  +  ix-  )/V^  .  The  motional  state  of  Bob’s 
atom  following  the  homodyne  measurements,  with  results 
X±,  can  thus  be  written 

\<p}isr  a  Vx(OU(0|Q+(x+)g_(x-)|«'i) 

Vi(a*U^(a|  exp  I’I'l).  (6) 

Using  properties  of  the  squeezing  operator  SAB{r)  [21], 
one  can  further  reduce  this  to 


\<phx  oc  vr(a‘|exp  [a  (ivr  -  a*)  |9i)v.-|0)B.  ,  (7) 


where  A  —  tanh(7’).  Expanding  |0)vx  in  terms  of  the 
coherent  states,  i.e.,  |^)v.  =  vx(^|^)v*  |/?)v., 

the  right-hand-side  of  (7)  becomes 


TT 


Vr(Aa‘|A^)vx 
■  D3{-Aa*)DB(A0)  |0)b^. 


(8) 


where  £)n(/?)  =  expi/3ll,  -  p*bBx)  is  the  coherent  dis¬ 
placement  operator  for  Bob’s  atom.  In  the  limit  of  strong 
squeezing  and  entanglement  (A  1),  (8)  approaches 


Dsi-a)  i  I  dVvx(/?|^)vx  \I3)bx. 


(9) 


That  is,  \^)bx  approaches  a  state  which,  apart  from  a 
coherent  displacement  by  —a*,  is  identical  to  the  initial 
motional  state  (in  the  x  dimension)  of  Victor’s  atom. 

Given  the  measurement  results  x±}  transmitted  to  Bob 
via  a  classical  channel,  the  final  step  in  the  teleportation 
procedure  is  for  Bob  to  apply  a  coherent  displacement 
(assuming  A  ~  1)  to  the  motional  state  of  his  atom, 
i.e.,  DB[oi*)\(p)Bx  \4>)sx-  In  practice,  this  might  be 
achieved  by  applying  an  electric  field  (in  the  case  of  a 
trapped  ion)  along  the  a;-axis  which  oscillates  at  the  trap 
frequency  or,  alternatively,  by  applying  ofF-resonant 
laser  fields  which  drive  stimulated  Raman  transitions  be¬ 
tween  neighboring  trap  levels  [15].  After  this,  control  of 
Bob  s  atom  can  be  passed  to  Victor,  who  is  free  to  con- 
fiim  the  overall  quality  of  the  teleportation  protocol,  e.g., 
along  the  lines  analyzed  in  [25]. 

Issues  of  practicality  associated  with  the  motion-light 
state  transfer  procedure  central  to  our  teleportation 
scheme  have  been  discussed  elsewhere  [17,18].  In  brief, 
desired  conditions  are  of  (i)  strong  coupling  optical  cav¬ 
ity  QED,  such  that  ^5/(^7)  ^  1,  where  7  is  the 
atomic  spontaneous  decay  rate,  and  (ii)  strong  confine¬ 
ment  of  the  atoms  with  minimal  motional-state  deco¬ 
herence.  Both  of  these  conditions  have  been  achieved 
separately  [14,15,19,20],  and  we  expect  that  future  ex¬ 
periments  trapping  single  atoms  inside  optical  cavities 
will  be  able  to  meet  these  criteria  simultaneously.  Note 
that  timescales  for  motional-state  decoherence  of  trapped 


10ns  can  be  of  the  order  of  milliseconds  [15];  the  typi¬ 
cal  timescale  involved  in  our  teleportation  scheme, 
would  likely  be  of  the  order  of  microseconds  [17,18].  Fi¬ 
nally,  calculations  in  [9]  suggest  reasonable  (nonclassical) 
teleportation  fidelities  to  be  possible  with  values  of  the 
squeezing  parameter  r  >  1. 

To  conclude,  we  note  that  the  scheme  given  here  is  just 
one  of  a  number  of  possibilities  that  we  have  analyzed. 
One  could,  e.g,,  eliminate  Victor’s  atom  and  cavity  and, 
as  the  state  to  be  teleported,  choose  the  motional  state  of 
Alice  s  atom  along  an  axis  orthogonal  to  the  a?-axis.  Af¬ 
ter  preparing  the  entangled  (a:-dimension)  motioned  state 
\w)ab  of  Alice  and  Bob’s  atoms,  the  orthogonal  motional 
modes  of  Alice  s  atom  could  be  linearly  mixed  within  the 
trap  itself,  in  the  fashion  of  a  beamsplitter,  using  suitable 
interactions  with  auxiliary  laser  fields  [26,27],  after  which 
coupling  to  the  cavity  field  and  homodyne  measurement 
of  the  output  light  field  would  again  provide  the  Bell- 
state  analysis.  In  addition,  as  we  will  discuss  elsewhere 
[27],  it  is  possible  to  eliminate  the  NOPA  from- the  scheme 
and  use  only  trapped  atoms  interacting  with  cavity  and 
laser  fields  both  to  produce  and  distribute  the  quantum 
entanglement  required  for  the  teleportation  protocol. 
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FIG.  1.  Schematic  of  proposed  teleportation  scheme  for 
atomic  wavepackets.  Preparation  of  motional-state  entangle- 
ment  between  Alice  and  Bob  and  Bell-state  analysis  by  Alice 
are  facilitated  by  cavity-mediated  motion-light  couplings. 


Proposed  setup  and  excitation  scheme  for  cou- 
p  ng  between  the  motion  of  a  trapped  atom  and  a  quantized 
optic^  cavity  mode,  and  thence  to  a  freely  propagating  ex¬ 
ternal  field.  The  cavity  is  assumed  to  be  one-sided,  i.e.,  one 
mirror  is  taken  to  be  perfectly  reflecting,  (b)  Preparation  of 
a  position-momentum  EPR  state  of  Alice  and  Bob’s  atoms. 

from  a  nondegenerate  parametric  ampli¬ 
fier  (NOPA)  impinge  on  Alice  and  Bob’s  cavities,  respectively. 
Faraday  isolators  (F)  facihtate  a  unidirectional  coupling  be¬ 
tween  the  entangled  light  source  and  the  atom-cavity  systems 


FIG  3.  Schematic  of  Alice’s  Bell-state  analysis.  The  out¬ 
put  field  representing  Victor’s  unknown  state  is  combined  by 
Ahce  at  a  50/50  beamsplitter  (BS)  with  the  output  field  from 
her  cavity.  The  resulting  output  fields  from  the  BS  are  in¬ 
cident  on  homodyne  detectors  D±.  The  cavity  output  fields 
foUow  the  motional  modes,  which  decay  on  a  timescale  I'-* . 
The  local  oscillator  fields  (LO±)  ai-e  pulsed,  with  temporal 
profiles  chosen  to  match  that  of  the  cavity  output  fields. 
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Abstract.  We  outline  a  scheme  for  teleporting  an  unknown  atomic  center-of-mass 
wave  function  between  distant  locations.  This  scheme  employs  interactions  in  cavity 
quantum  electrodynamics  to  facilitate  a  coupling  between  the  motional  degrees  of 
freedom  of  an  atom  trapped  inside  a  cavity  and  external  propagating  light  fields. 
This  enables  the  distribution  of  quantum  entanglement 'and  the  realization  of  the 
required  motional  Bell-state  analysis. 


1  Introduction 

Teleportation  of  unknown  quantum  states  from  one  location  to  another  is  now 
an  experimental  science,  with  initial  attempts  directed  to  the  teleportation 
of  the  polarization  state  of  a  photon  [1,2]  and  then  the  first  complete  realiza¬ 
tion  performed  with  optical  coherent  states  [3].  The  former  experiments  were 
based  on  the  original,  procedure  for  finite-dimensional  quantum  systems  (in 
particular,  two-state  systems)  proposed  by  Bennett  and  coworkers  [4],  and 
the  latter  on  a  continuous  variable  (i.e.,  infinite  dimensional)  adaptation  of 
this  procedure  put  forward  by  Vaidman  [5]  (see  also  [6,7]).  In  both  instances, 
though,  the  essential  ingredient  in  the  teleportation  procedure  is  quantum 
entanglement  of  a  bipartite  system  shared  by  the  sender,  Alice,  and  the  re¬ 
ceiver,  Bob.  For  experiments  with  light,  this  entanglement  can  be  generated 
via  the  process  of  parametric  amplification  (see,  e.g.,  [8]). 

While  the  experiments  performed  thus  far  have  dealt  exclusively  with 
light,  the  procedure  of  Vaidman  offers,  in  principle,  the  possibility  of  tele¬ 
porting  the  quantum  states  of  massive  particles.  The  required  quantum  en¬ 
tanglement  in  this  procedure  takes  the  form  of  the  original  Einstein-Podolsky- 
Rosen  (EPR)  state  of  two  particles;  that  is,  a  state  in  which  the  positions 
and  momenta  of  the  particles  (labelled  2  and  3)  are  perfectly  anticorrelated 
and  correlated,  respectively: 

I2  +  I3  =  0,  P2-P3=0.  ^2^ 

Joint  measurements  performed  on  particle  1,  whose  state  is  to  be  teleported 
and  particle  2  then  establish  a  correlation  between  particles  1  and  3  In 
particular,  measurements  of  the  quantities  n  +X2  and  p,  -ps,  with  outcomes 

211  +  i2  =  a.  Pi  -  p2  =  f», 


(2) 
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establish  the  relationship 

X3  =  Xi  -  a ,  P3  =  Pi  -  6 ,  (3) 

so  that,  if  the  initial  state  of  particle  1  is  i?'(xi),  then  the  state  of  particle  3 
after  the  measurements  is  +  a).  Appropriate  shifts  of  the  state  in 

X3  and  p3  complete  the  teleportation. 

For  the  teleportation  of  optical  coherent  states  using  this  procedure  the 
relevant  variables  are  the  quadrature  amplitudes  of  the  electromagnetic  fields, 
the  entangled  state  (1)  is  generated  via  parametric  amplification,  and  the 
joint  measurements  are  performed  by  combining  fields  at  a  beamsplitter  and 
using  homodyne  detection.  In  the  field  of  quantum  optics,  these  techniques 
are  now  quite  standard.  In  contrast,  for  the  teleportation  of  the  wave  function 
of  a  massive  particle  one  would  seem  to  be  faced  with  serious  difficulties  in 
producing  the  required  states  and  operations. 

However,  in  recent  work  we  have  proposed  and  analyzed  a  cavity- QED- 
based  system  that  enables  the  transfer  of  quantum  states  between  the  exter¬ 
nal,  or  motional,  degrees  of  freedom  of  a  trapped  atom  and  propagating  light 
fields  [9,10].  This  system  should  lead  to  new  capabilities  for  the  synthesis, 
control,  and  measurement  of  quantum  states  for  both  motion  and  light.  A 
particular  example  is  the  possibility  of  creating  an  EPR  state  of  the  form  (1) 
where  (x2,X3)  and  (P2.P3)  are  indeed  the  positions  and  momenta  of  distantly/ 
separated  atoms.  This  in  turn  offers  a  route  to  achieving  the  teleportation  of 
an  atomic  wavepacket  [11],  which  we  summarize  in  this  article. 

An  overview  of  our  proposed  teleportation  scheme  is  given  in  Fig.  1.  Each 
of  Alice  (.4),  Bob  (B),  and  Victor  (V)  possess  an  atom  trapped  inside  an 
optical  cavity,  with  the  aim  being  to  teleport  the  (x-dimension)  motional 
state  of  Victor’s  atom  to  Bob’s  atom.  Again,  the  three  basic  steps  involved 
are:  (i)  preparation  of  quantum  entanglement  between  Alice  and  Bob’s  atoms, 
(ii)  joint  (or  “Bell-state”)  measurement  by  Alice  on  her  atom  and  Victor’s 
atom,  and  (iii)  phase-space  displacement  [D(q*)]  by  Bob  (given  the  classical 
result  a  of  Alice’s  measurement).  Finally,  the  state  of  Bob’s  atom  may  be 
examined  by  Victor  for  verification  of  the  quality  of  the  teleportation.  Stages 
(1)  and  (ii),  as  illustrated  in  Fig.  1,  employ  the  cavity- mediated  motion-light 
state  transfer  scheme  of  [9],  to  which  we  now  turn  our  attention. 

2  Motion-light  couplng 

Briefly,  a  single  two-level  atom  (or  ion)  is  tightly  confined  in  a  harmonic  trap 
located  inside  a  high-finesse  optical  cavity.  The  atomic  transition  of  frequency 
Wa  is  coupled  to  a  single  mode  of  the  cavity  field  of  frequency  u/c  and  also 
to  an  external  (classical)  laser  field  of  frequency  wl  and  strength  Bl-  The 
physical  setup  and  excitation  scheme  are  depicted  in  Fig.  2(a).  The  cavity  is 
aligned  along  the  x-axis,  while  the  field  Sl  is  incident  from  a  direction  in  the 
y-z  plane.  Both  the  cavity  field  and  are  far  from  resonance  with  the  atomic 
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Fig.  1,  Schematic  of  proposed  teleportation  scheme  for  atomic  wavepackets 

transition,  but  their  difference  frequency  is  chosen  so  that  they  drive  Raman 
transitions  between  neighboring  motional  number  states  (i.e.,  —  u)\^  —  i/ 

with  Uy.  the  x-axis  trap  frequency). 

A  number  of  assumptions  are  made  in  order  to  achieve  the  desired  motion- ' 
light  coupling: 

•  Atomic  spontaneous  emission  is  neglected  and  the  internal  atomic  dy¬ 
namics  adiabatically  eliminated. 

•  The  size  of  the  harmonic  trap,  located  at  a  node  of  the  cavity  field,  is  taken 
to  be  small  compared  to  the  optical  wavelength  (Lamb-Dicke  regime), 
enabling  the  approximations 

sin(fcx)  ~t7i(6s +  6^.).,  St{y,z,t)  (4) 

where  (<^  1)  is  the  Lamb-Dicke  parameter  and 

X  =  (a/2mi/i)  +  6t ).  (5) 

•  The  trap  frequency  i/*  and  cavity  field  decay  rate  k  are  assumed  to  sat¬ 

isfy  i/*  »  K  »  |(5o77x/^)£L(i)l.  where  50  is  the  single-photon  atom-cavity 
mode  coupling  strength,  and  /i  =  -  wl-  The  first  inequality  allows  a 

rotating-wave  approximation  to  be  made  with  respect  to  the  trap  oscil¬ 
lation  frequency,  while  the  second  inequality  enables  an  adiabatic  elimi¬ 
nation  of  the  cavity  field  mode. 

Under  these  conditions,  the  motional  mode  dynamics  in  the  x  direction 
is  well  described  by  the  simple  quantum  Langevin  equation  [9] 

—  — r(t)6*  +  y/2r{t)  Oin(t)  ,  (6) 

where  6*  =  and  r(t)  =  {goV^\£iit)\/A]yK.  The  operator  a.„(t)  obeys 

the  commutation  relation  [ai.,(t),  a?„(t')l  =  and  describes  the  quantum 

noise  input  to  the  cavity  field  (in  a  frame  rotating  at  the  cavity  frequency). 
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Prom  the  linear  nature  of  (6),  it  follows  that  the  statistics  of  a  (continuous) 
light  field  incident  upon  the  cavity  can  be  “written  onto”  the  state  of  the 
atomic  motion.  For  example,  in  [9]  it  is  shown  how  this  effect  can  be  used 
to  prepare  a  (pure)  squeezed  state  of  the  motion  of  a  trapped  atom  by  driv¬ 
ing  the  cavity  with  broadband  squeezed  light  from  a  degenerate  parametric 
amplifier.  This  also  means  that  entanglement  between  separate  light  fields 
can  be  transferred  to  entanglement  between  the  motional  states  of  separate 
atoms,  as  we  discuss  below.  Prom  a  consideration  of  the  input-output  theory 
of  optical  cavities  (see,  for  example,  [12]),  it  also  follows  that  measurements 
on  the  cavity  output  field  amount  to  measurements  on  the  motion  of  the 
atom.  In  particular,  one  can  show  that 

aout(t)  =;  -Oin(t)  +  \/2r{t)  bx{t) .  (7) 

So,  for  a  vacuum  input  field,  homodyne  measurements  on  the  cavity  output 
field  realize  position  or  momentum  measurements  (or  some  mixture,  depend¬ 
ing  on  the  local  oscillator  phase)  on  the  trapped  atom.  This  enables  the 
necessary  Bell-state  analysis  to  be  performed. 


Pig.  2.  (a)  Proposed  setup  and  excitation  scheme  for  coupling  between  the  motion 
of  a  trapped  atom  and  a  quantized  optical  cavity  mode,  and  thence  to  a  freely 
propagating  external  field.  The  cavity  is  assumed  to  be  one-sided,  i.e.,  one  mirror 
is  perfectly  reflecting,  (b)  Preparation  of  a  position-momentum  EPR  state  of  Alice 
and  Bob’s  atoms.  Faraday  isolators  (F)  facilitate  a  unidirectinal  coupling  between 
the  entangled  light  source  and  the  atom-cavity  systems 


3  Teleportation  Procedure 

3.1  State  to  be  teleported 

To  begin  the  teleportation  procedure,  Victor’s  atom  is  prepared  in  a  partic¬ 
ular  motional  state  \(p)\;x  m  the  x  dimension  (e.g.,  by  the  techniques  of  [13]). 
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With  the  motion-light  coupling  switched  off  in  Victor’s  cavity  (i.e.,  ^lv  =  0) 
this  state  is  assumed  to  remain  unchanged  until  required  by  Alice  for  the 
Bell-state  analysis. 


3.2  Preparation  of  position-momentum  EPR  state 

Next,  a  position-momentum  EPR  state  of  Alice  and  Bob’s  atoms  is  prepared 
by  using  the  motion-light  coupling  described  in  (6),  with  input  light  fields 
from  a  nondegenerate  optical  parametric  amplifier  (NOPA).  This  prepara¬ 
tion,  described  in  detail  in  [10],  is  depicted  in  Fig.  2(b),  The  two  quantum- 
correlated  output  light  fields  from  a  NOPA  (operating  below  threshold)  are 
separated  and  made  to  impinge  on  Alice  and  Bob’s  cavities,  respectively.  As¬ 
suming  =  Tb  =  r,  aRer  a  time  t  »  the  following  pure,  entangled 
motional  state  is  prepared, 


oo 

\‘^)ab  =  [cosh(r)]“^  [-tanh(r)p  |m).4i|m)Bx , 

mssO 


(8) 


where  \m)j(^Bx  are  Fock  states  of  the  motional  modes  and  r  is  the  ‘entangle¬ 
ment’  parameter.  The  nature  of  the  correlations  inherent  in  the  joint  state 
(8)  is  most  clearly  expressed  through  the  Wigner  function  for  this  state: 


W(x.4,P.4;xb,pb) 

=  [i^A  +  xb)^  +  {pA  -  Pb?] 

X  exp  {-  [(1.4  -  XB?  +  {pA  +  Ps)^]  e-2^}  .  (g) 

c  6{xa-\- xb)S{PA  -  Pb)  els  r -*  oo  ,  (10) 

with.C  a  constant.  Once  this  state  has  been  prepared,  the  atom-cavity  cou¬ 
plings  are  turned  off  (Fa.Fb  ^  0),  as  is  the  NOPA  pump  field.  Again,  we 
assume  that  the  entangled  state  (8)  remains  unchanged  until  the  next  ken 
in  the  procedure.  '  ^ 


3.3  Bell-state  analysis 

At  this  stage  in  the  procedure,  the  total  system  state  is 

\^l)  \4>)vx\'^)aB  ■  (21) 

The  Bell-state  analysis  performed  by  Alice  is  depicted  in  Fig.  3.  At  a  pre¬ 
determined  time,  Victor  switches  on  his  atom-cavity  coupling  Ty  via  S^ylt) 
thus  converting  the  state  |(;6)vi  to  that  of  a  freely  propagating  field  delivered 
to  input  beam-splitter  BS  of  Alice’s  sending  station.  With  due  accounting 
for  propagation  delay,  Alice  has  likewise  switched  on  the  coupling  r.4  from 
her  cavity,  where,  for  simplicity,  Ty  =  =  F.  Note  that  Victor  and  Al¬ 

ice  s  cavities  both  have  vacuum  inputs  at  this  stage.  The  two  cavity  output 


6 


Parkins  and  Kimble 


fields  are  combined  by  Alice  at  the  50/50  beamsplitter  BS,  the  two  out¬ 
puts  of  which  are  incident  on  homodyne  detectors  Di.  Through  the  input- 
output  relation  (7),  and  through  the  mixing  of  the  cavity  output  fields  at  the 
beamsplitter^  these  detectors  effect  homodyne  measurements  on  the  modes 
c±  =  (6vx  In  particular,  with  suitable  choices  of  the  local  oscil¬ 

lator  phases,  the  setup  realizes  measurements  of  the  variables  -i-  xy  and 
—pv,  as  required  by  the  teleportation  protocol. 

Mathematically,  the  effect  of  these  measurements  is  to  project  the  system 
state  onto  quadrature  eigenstates  of  the  modes  c±,  and  the  relevant  measure¬ 
ment  results,  which  we  denote  by  x±i  given  by  the  integrated  homodyne 
photocurrents.  Note  that  this  projection  requires  that  the  local  oscillator  pho¬ 
ton  flux  matches  the  temporal  shape  of  the  signal  flux  [which  in  our  case  is 
set  by  r{t)]  [14,15], 

Expanding  the  motional  state  of  Victor’s  atom,  |<^)va:,  in  terms  of  the 
coherent  states,  i.e., 

l<^)vi  =  ^  J <fp  Vx{p\4>)vx  |/3)vi,  (12) 

one  can  show  that  the  motional  state  of  Bob’s  atom  following  the  Bell-state 
measurements,  \<p)bx,  is  proportional  to 

where  a  ==  {x^  -f  ix-)/\/2,  A  =  tanh(r),  and 

Db{P)  =  exp(/?6^^  -  P*Ibx)  (14) 

is  the  coherent  displacement  operator  for  Bob’s  atom.  In  the  limit  of  strono- 
squeezing  and  entanglement  {A  — ^  1),  (13)  approaches 

Ds{-Q*)  -  j  (fPvz{P\<t>)vx\P)Bx-  (15) 

That  is,  \(^)bx  approaches  a  state  which,  apart  from  a  coherent  displacement 
by  —a*,  is  identical  to  the  initial  motional  state  (in  the  x  dimension)  of 
Victor’s  atom. 


3.4  Phase-space  displacement 

Given  the  measurement  results  transmitted  to  Bob  via  a  c/a55zca^  channel, 
the  final  step  in  the  teleportation  procedure  is  for  Bob  to  apply  a  coherent 
displacement  a*  (assuming  A  1)  to  the  motional  state  of  his  atom,  i.e., 

^b{oi*)\^)sx  \(I>)bx>  (16) 

In  practice,  this  might  be  achieved  by  applying  an  electric  field  (in  the  case 
of  a  trapped  ion)  along  the  x-axis  which  oscillates  at  the  trap  frequency 
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Fig.  3.  Schematic  of  Alice’s  Bell-state  analysis.  The  output  field  representing  Vic¬ 
tor’s  unknown  state  is  combined  by  .Alice  at  a  50/50  beamsplitter  (BS)  with  the 
output  field  from  her  cavity.  The  resulting  output  fields  from  the  BS  are  incident 
on  homodyne  detectors  D±.  The  cavity  output  fields  follow  the  motional  modes 
which  decay  on  a  timescale  T'’.  The  local  oscillator  fields  (LO±)  are  pulsed,  with 
temporal  profiles  chosen  to  match  that  of  the  cavity  output  fields 


or,  alternatively,  by  applying  off-resonant  laser  fields  which  drive  stimulated 
Raman  transitions  between  neighboring  trap  levels  [1.3].  After  this,  control  of 
Bob’s  atom  can  be  passed  to  Victor,  who  is  free  to  confirm  the  overall  quality 
of  the  teleportation  protocol,  e.g.,  along  the  lines  analyzed  in  [16], 

i, 

4  Discussion 


Td  realize  our  teleportation  scheme,  required  conditions  are  of  (i)  strong 
coupling  optical  cavity  QED,  such  that  ffoV(«7)  »  1,  where  7  is  the  atomic 
spontaneous  decay  rate,  (ii)  strong  confinement  of  the  atoms  with  minimal 
motional-state  decoherence,  and  (iii)  strongly  entangled  light  fields  [9-11]. 
Each  of  these  conditions  have  been  achieved  separately  (for  cavity  QED  see^ 
e.g,,  [17-19];  for  trapped  ions  see,  e.g.,  [13,20];  for  entangled  light  fields,  seei 
e.g.,  [3]),  while  the  first  generation  of  experiments  actually  trapping  atoms 
in  cavity  QED  have  been  performed  [21], 

Much  of  the  interest  in  quantum  teleportation  is  rooted  in  its  intimate 
connection  to  issues  in  the  fields  of  quantum  information  and  quantum  com¬ 
putation.  There,  indeed,  nonclassical  light  fields  and  trapped  atoms  and  ions 
are  leading  candidates  for  the  implementation  of,  for  example,  elementary 
quantum  computers  [22,13,23,24],  and  quantum  dense  coding  [25]  and  uni¬ 
versal  quantum  computation  [26]  with  continuous  quantum  variables.  The 
present  work  points  to  the  exciting  possibility  of  combining  these  candidate 
technologies  in  distributed  quantum  networks,  where,  for  example,  the  “dis¬ 
tribution”  is  achieved  with  light  fields,  while  “storage”  and  local  processing- 
is  achieved  with  trapped  atoms.  '  “ 
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quantum  teleportation 


Abstract.  We  derive  an  experimentally  testable  criterion  for  the  teleporta¬ 
tion  of  quantum  states  of  continuous  variables.  This  criterion  is  especially 
relevant  to  the  recent  experiment  of  Furusawa  et  a/,  where  an  input-output 
fidelity  of  0,58  ±  0.02  was  achieved  for  optical  coherent  stages.  Our  derivation 
demonstrates  that  fidelities  greater  than  1/2  could  not  have  been  achieved 
through  the  use  of  a  classical  channel  alonet  quantum  entanglement  was  a 
crucial  ingredient  in  the  experiment. 


1.  Introduction 

What  is  quantum  teleportation?  The  original  protocol  of  Bennett  et  al.  [1] 
specifies  the  idea  with  succinct  clarity.  The  task  set  before  Alice  and  Bob  is  to 
transfer  the  quantum  state  of  a  system  in  one  player’s  hands  onto  a  system  in  the 
other’s.  The  agreed  upon  resources  for  carrying  out  this  task  are  some  previously 
shared  quantum  entanglement  and  a  channel  capable  of  broadcasting  classical 
information.  It  is  not  allowed  physically  to  carry  the  system  from  one  player  to  the 
other,  and  indeed  the  two  players  need  not  even  know  each  other’s  locations.  One 
of  the  most  important  features  of  the  protocol  is  that  it  must  be  able  to  work  even 

when  the  state — though  perfectly  well  known  to  its  supplier,  a  third  party  Victor _ 

is  completely  unknown  to  both  Alice  and  Bob.  Because  the  classical  information 
broadcast  over  the  classical  channel  can  be  minuscule  in  comparison  to  the  infinite 
amount  of  information  required  to  specify  the  unknown  state,  it  is  fair  to  say  that 
the  state’s  transport  is  a  disembodied  transport  [2],  Teleportation  has  occurred 
when  an  unknown  state  i^>  goes  in  and  the  same  state  iV;)  comes  out. 

But  that  is  perfect  teleportation.  Recent  experimental  efforts  [3-6]  show  there  is 
huge  interest  in  demonstrating  the  phenomenon  in  the  laboratory — a  venue  where 
perfection  is  unattainable  as  a  matter  of  principle.  The  laboratory  brings  with  it  a 
new  host  of  issues:  if  perfect  teleportation  is  unattainable,  when  can  one  say  that 
laboratory  teleportation  has  been  achieved?  What  appropriate  criteria  define 
the  right  to  proclaim  success  in  an  experimental  setting?  Searching  through  the 
description  above,  there  are  several  heuristic  breaking  points,  each  asking  for 
quantitative  treatment.  The  most  important  among  these  are: 


Journal  of  Modern  Opiia  ISSN  0950-0340  print/ISSN  1362-3044  online  (0  2000  Taylor  &  Francis  Ltd 
http://www.  tandf.  co.  uk/journais/tf/09500340.htni  1 


268 


S.  L.  Braiinstein  et  al. 


(1)  The  states  should  be  unknown  to  Alice  and  Bob  and  supplied  by  an  actual 
third  party  Victor. 

(2)  Entanglement  should  be  a  verifiably  used  resource,  with  the  possibility  of 
physical  transportation  of  the  unknown  states  blocked  at  the  outset.  There 
should  be  a  sense  in  which  the  output  is  ‘close’  to  the  input— close  enough 
that  it  could  not  have  been  made  from  information  sent  through  a  classical 
channel  alone. 

(3)  Each  and  every  trial,  as  defined  by  Victor’s  supplying  a  state,  should 
achieve  an  output  sufficiently  close  to  the  input.  When  this  situation 
pertains,  the  teleportation  is  called  unconditional.  (If  that  is  impractical, 
conditional  teleportation— where  Alice  and  Bob  are  the  arbiters  of  suc¬ 
cess-may  still  be  of  interest;  but  then,  at  the  end  of  all  conditioning,  there 
must  be  a  state  at  the  output  sufficiently  close  to  the  unknown  input.) 

To  date  only  the  Furusawa  et  al.  experiment  [3]  has  achieved  unconditional 
experimental  teleportation  as  defined  by  these  three  criteria.  The  Boschi  et  al 
experiment  [4]  fails  to  ineet  Criteria  1  and  2  because  their  Victor  must  hand  off  a 
(macroscopic)  state-preparing  device  to  Alice  instead  of  an  unknown  state  and 
because  of  a  variety  of  low  system  efficiencies  [3],  The  Bouwmeester  et  al. 

experiment  [5]  fails  to  meet  Criteria  2  and  3  because  their  output  states _ just 

before  they  are  destroyed  by  an  extra  ‘verification’  step— can  be  produced  via 
communication  through  a  classical  channel  alone  [7].  In  a  similar  vein,  the  Nielsen 
et  al.  experiment  [6]  fails  to  meet  these  criteria  because  there  is  no  quantum 
entanglement  shared  between  Alice  and  Bob  at  any  stage  of  the  process  [8  9] 

But  the  story  cannot  stop  here.  Besides  striving  for  simply  better  input-output 
fidelities  or  higher  efficiencies,  there  are  still  further  relevant  experimental  hurdles 
to  be  drawn  from  [1]: 

(4)  The  number  of  bits  broadcast  over  the  classical  channel  should  be 
‘minuscule’  in  comparison  to  the  information  required  to  specify  the 
‘unknown’  states  in  the  class  from  which  the  demonstration  actually  draws. 

(5)  The  teleportadon  quality  should  be  good  enough  to  transfer  quantum 
entanglement  itself  instead  of  a  small  subset  of  ‘unknown’  quantum  states 

(6)  The  sender  and  receiver  should  not  have  to  know  each  other’s  locations  to 
carry  the  process  through  to  completion. 

And  there  are  likely  still  more  criteria  that  would  seem  reasonable  to  one  or 
another  reader  of  the  original  protocol  (depending  perhaps  upon  the  particular 
application  called  upon).  The  point  is,  these  two  lists  together  make  it  clear  that 
the  experimental  demonstration  of  quantum  teleportation  cannot  be  a  cut  and 
dried  affair.  On  the  road  toward  ideal  teleportation,  there  are  significant  milestones 
to  be  met  and  passed.  Important  steps  have  been  taken,  but  the  end  of  the  road  is 
still  far  from  sight. 

The  work  of  the  theorist  in  this  effort  is,  among  other  things,  to  help  turn  the 
heuristic  criteria  above  into  pristine  theoretical  protocols  within  the  context  of 
actual  experiments.  To  this  end,  we  focus  on  Criterion  2  in  the  context  of  the 
Furusawa  et  al.  experiment  [3]  where  the  quantum  states  of  a  set  of  continuous 
variables  are  teleported  (as  proposed  in  [10,  11]).  The  question  is,  by  what  means 
can  one  verify  that  Alice  and  Bob — assumed  to  be  at  fixed  positions — actually  use 
some  quantum  entanglement  in  their  purported  teleportation?  How  can  it  be 
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known  that  they  did  not  use  the  resource  of  a  classical  channel  alone  for  the 
quantum  state’s  transport?  What  milestone  must  be  met  in  order  to  see  this? 
Answering  these  questions  fulfils  a  result  already  advertised  in  [3]  and  reported  in 
the  abstract  of  the  present  paper. 

Our  line  of  attack  is  to  elaborate  on  an  idea  first  suggested  in  [4].  A  cheating 
Alice  and  Bob  who  attempt  to  make  do  with  a  classical  channel  alone,  must  gather 
information  about  the  unknown  quantum  state  if  they  are  to  have  any  hope  of 
hiding  their  cheat.  But  then  the  limitations  of  quantum  mechanics  strike  in  a  useful 
way.  As  long  as  the  allowed  set  of  inputs  contains  some  nonorthogonal  states,  there 
is  no  measurement  procedure  that  can  reveal  the  state’s  identity  with  complete 
reliability.  Any  attempt  to  reconstruct  the  unknown  quantum  state  will  be  necess¬ 
arily  flawed:  information  gathering  about  the  identity  of  a  state  in  a  nonorthogonal 
set  disturbs  the  state  in  the  process  [12,  13].  The  issue  is  only  to  quantify  how 
much  disturbance  must  take  place  and  to  implement  the  actual  comparison 
between  input  and  output  in  an  objective,  operationally  significant  way.  If  the 
experimental  match  (or  ‘fidelity’)  between  the  input  and  output  exceeds  the  bound 
set  by  a  classical  channel,  then  some  entanglement  had  to  have  been  used  in  the 
teleportation  process. 

The  remainder  of  the  paper  is  structured  as  follows.  In  the  following  section, 
we  discuss  the  motivation  behind  choosing  the  given  measure  of  fidelity  that  we 
do.  We  stress  in  particular  the  need  for  a  break  with  traditional  quantum  optical 
measures  of  signal  transmission,  such  as  signal-to-noise  ratio,  etc.,  used  in  the  area 
of  quantum  nondemolition  (QND)  research  [14,  15].  In  section  3,  we  derive  the 
optimal  fidelity  that  can  be  achieved  by  a  cheating  Alice  and  Bob  whose  teleporta¬ 
tion  measurements  are  based  on  optical  heterodyning  as  in  the  experiment  of 
Furusawa  et  al.  [3].  This  confirms  that  a  fidelity  of  1/2  or  greater  is  sufficient  to 
assure  the  satisfaction  of  Criterion  2  in  that  experiment.  We  close  in  section  4  with 
a  few  remarks  about  some  open  problems  and  future  directions. 


2.  Why  fidelity? 

Ideal  teleportation  occurs  when  an  unknown  state  i?/^)  goes  into  Alice’s 
possession  and  the  same  state  iip)  emerges  in  Bob’s.  What  can  this  really  mean? 
A  quantum  state  is  not  an  objective  state  of  affairs  existing  completely  indepen¬ 
dently  of  what  one  knows.  Instead  it  captures  the  best  information  available  about 
how  a  quantum  system  will  react  in  this  or  that  experimental  situation  [16,  17]t. 
This  forces  one  to  think  carefully  about  what  it  is  that  is  transported  in  the 
quantum  teleportation  process.  The  only  option  is  that  the  teleported  \'ip)  must 

t  On  this  bit  of  foundational  theory,  it  seems  most  experimentalists  can  agree.  See  in 
particular  p.  S291  of  Zeilinger  [16]  were  it  is  stated  that:  T  he  quantum  state  is  exactly  that 
representation  of  our  knowledge  of  the  complete  situation  which  enables  the  maximal  set  of 
(probabilistic)  predictions  for  any  possible  future  observation. ...  If  we  accept  that  the 
quantum  state  is  no  more  than  a  representation  of  the  information  we  have,  then  the 
spontaneous  change  of  the  state  upon  observation,  the  so-called  collapse  or  reduction  of  the 
wave  packet,  is  just  a  very  natural  consequence  of  the  fact  that,  upon  observation,  our 
information  changes  and  therefore  we  have  to  change  our  representation  of  the  information, 
that  is,  the  quantum  state.  From  that  position,  the  so-called  measurement  problem  is  not  a 
problem  but  a  consequence  of  the  more  fundamental  role  information  plays  in  quantum 
physics  as  compared  to  classical  physics.’ 
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always  ultimately  refer  to  someone  lurking  in  the  background— a  third  party  we 
label  Victor,  the  keeper  of  knowledge  about  the  system’s  preparation.  The  task  of 
teleportation  is  to  transfer  what  he  can  say  about  the  system  he  placed  in  Alice’s 
possession  onto  a  system  in  Bob’s  possession:  it  is  ‘information’  in  its  purest  form 
that  is  teleported,  nothing  more. 

The  resources  specified  for  carrying  out  this  task  are  the  previously  shared 
entanglement  between  Alice  and  Bob  and  a  classical  channel  with  which  they 
communicate.  Alice  performs  a  measurement  of  a  specific  character  and  commu¬ 
nicates  her  result  to  Bob.  Bob  then  performs  a  unitary  operation  on  his  system 
based  upon  that  information.  When  Alice  and  Bob  declare  that  the  process  is 
complete,  Victor  should  know  with  assurance  that  whatever  his  description  of  the 
original  system  was— his  iti)— it  now  holds  for  the  system  in  Bob’s  possession. 
Knowing  with  assurance  means  that  there  really  is  a  system  that  Victor  will 
describe  with \tp),  not  that  there  wajasystem  that  he  tvouW/iave described  with  i'^) 
just  before  Alice  and  Bob  declared  completion  (i.e.  as  a  retrodiction  based  upon 
their  pronouncement)  [7]. 

In  any  real-world  implementation  of  teleportation,  a  state  i^in)  enters  Alice  and 
Bob’s  dominion  and  a  different  state  (possibly  a  mixed-state  density  operator)  pom 
comes  out.  As  before,  one  must  always  keep  in  mind  that  these  states  refer  to  what 
Victor  can  say  about  the  given  system  (see  f).  The  question  that  must  be  addressed 
is  when  i^in)  and  pout  are  similar  enough  to  each  other  that  Criterion  2  must  have 
been  fulfilled. 

We  choose  to  gauge  the  similarity  between  iV-in)  and  pow  by  the  ‘fidelity’ 
between  the  two  states.  This  is  defined  in  the  following  wayj:: 

7^tl'0in)j  PoaO  =  (l/'ini Poutt V’in) ■  (1) 

This  measure  has  the  nice  property  that  it  equals  1  if  and  only  if  =  iV-’m)(V''inl. 
Moreover  it  equals  0  if  and  only  if  the  input  and  output  states  can  be  distinguished 
with  certainty  by  some  quantum  measurement.  The  thing  that  is  really  important 
about  this  particular  measure  of  similarity  is  hinted  at  by  these  last  two  properties. 
It  captures  in  a  simple  and  convenient  package  the  extent  to  which  all  possible 
measurement  statistics  producible  by  the  output  state  match  the  corresponding 
statistics  producible  by  the  input  state. 

To  see  what  this  means,  take  any  observable  (generally  a  positive  operator- 
valued  measure  or  POVM  [17])  {£■„}  with  measurement  outcomes  a.  If  that 
observable  were  performed  on  the  input  system,  it  would  give  a  probability  density 
for  the  outcomes  a  given  by 


t  in  order  to  form  this  quantity,  we  must  of  course  assume  a  canonical  mapping  or 
identification  between  the  input  and  output  Hilbert  spaces.  Any  unitary  offset  between 
input  and  output  should  be  considered  a  systematic  error,  and  ultimately  taken  into  account 
by  readjusting  the  canonical  mapping.  See  [14,  15]  for  a  misunderstanding  of  this  point.  The 
authors  there  state,  ‘ , .  fidelity  does  not  necessarily  recognize  the  similarity  of  states  which 
differ  only  by  reversible  transformations. ...  [This  suggests]  that  additional  measures  are 
required... based  specifically  on  the  similarity  of  measurement  results  obtained  from  the 
input  and  output  of  the  teleporter,  rather  than  the  inferred  simihxrity  of  the  input  and  output 
states’.  As  shown  presently,  the  fidelity  measure  we  propose  does  precisely  that  for  all 
possible  measurements,  not  just  the  few  that  have  become  the  focus  of  present-dav  OND 
research.  ^  ^ 
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PiniOi)  =  (2) 

On  the  other  hand,  if  the  same  observable  were  performed  on  the  output  system,  it 
would  give  instead  a  probability  density 

P out(n^)  =  tr  (pout^tv)*  (3) 

A  natural  way  to  gauge  the  similarity  of  these  two  probability  densities  is  by  their 
overlap: 

overlap"  |[?in(a)Pout(a)l''^^  da.  (4) 

It  turns  out  that  regardless  of  which  observable  is  being  considered  [18,  19], 

overlap^  >  (V'ini^uti^in).  (5) 


Moreover  there  exists  an  observable  that  gives  precise  equality  in  this  expression 
[18, 19],  In  this  sense,  the  fidelity  captures  an  operationally  defined  fact  about  all 
possible  measurements  on  the  states  in  question. 

Let  us  take  a  moment  to  stress  the  importance  of  a  criterion  such  as  this.  It  is 
not  sufficient  to  attempt  to  quantify  the  similarity  of  the  states  with  respect  to  a  few 
observables.  Quantum  teleportation  is  a  much  more  serious  task  than  classical 
communication.  Indeed  it  is  a  much  more  serious  task  than  the  simplest  forms  of 
quantum  communication,  as  in  quantum  key  distribution.  In  the  former  case,  one 
is  usually  concerned  with  replicating  the  statistics  of  only  one  observable  across  a 
transmission  line.  In  the  latter  case,  one  is  concerned  with  reproducing  the 
statistics  of  a  small  number  of  fixed  noncommuting  observables  (the  specific 
ones  required  of  the  protocol)  for  a  small  number  of  fixed  quantum  states  (the 
specific  ones  required  of  the  protocol).  A  full  quantum  state  is  so  much  more  than 
the  quantum  measurements  in  these  cases  would  reveal:  it  is  a  catalogue  for  the 
outcome  statistics  of  an  infinite  number  of  observables.  Good  quality  teleportation 
must  take  that  into  account. 

A  concrete  example  can  be  drawn  from  the  traditional  concerns  of  quantum 
nondemolition  measurement  (QND)  research.  There  a  typical  problem  is  how  well 
a  communication  channel  replicates  the  statistics  of  one  of  two  quadratures  of  a 
given  electromagnetic  field  mode  [14,  15],  and  most  often  then  only  for  assumed 
Gaussian  statistics.  Thinking  that  quantum  teleportation  is  a  simple  generalization 
of  the  preservation  of  signal-to-noise  ratio,  burdened  only  in  checking  that  both 
quadratures  are  transmitted  faithfully,  is  to  miss  much  of  the  point  of  teleporta¬ 
tion.  Specifying  the  statistics  of  two  non  commuting  observables  only  goes  an 
infinitesimal  way  toward  specifying  the  full  quantum  state  when  the  Hilbert  space 
is  an  infinite  dimensional  one  [20,21]. 

This  situation  is  made  acute  by  noticing  that  two  state  vectors  can  be  almost 

completely  orthogonal — and  therefore  almost  as  different  as  they  can  possibly  be _ 

while  still  giving  rise  to  the  same  jc  statistics  and  the  same  p  statistics.  To  see  an 
easy  example  of  this,  consider  the  two  state  vectors  and  \ip.)  whose 

representations  in  x-space  are 

/2«x  2 

rpilx)  =  /  — j  exp{(- a±  ib)x  ) ,  (6) 

for  a,  b>  0.  In  /c-space  representation,  these  state  vectors  look  like 
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'ip±{k)  = 


a±  \b 


-  a  ^  ib 


Clearly  neither  x  measurements  nor  p  measurements  can  distinguish  these  two 
states.  For,  with  respect  to  both  representations,  both  wave  functions  differ  only 

by  a  local  phase  function.  However,  if  we  look  at  the  overlap  between  the  two  states 
w  c  n  n  Cl ! 


a{a  +  ih}s 
aU  in  ■ 


Taking  6  oo,  we  can  make  these  two  states  just  as  orthogonal  as  we  please 
Suppose  now  that  ii>,)  were  Victor’s  input  into  the  teleportation  process 
and  by  whatever  means— i^.  >  turned  out  to  be  the  output.  By  a  criterion  that 
only  gauged  the  faithfulness  of  the  transmissions  of  x  and  p  [14],  this  would  be 
perfect  teleportation.  But  it  certainly  is  not  so! 

Thus  the  justification  of  the  fidelity  measure  in  Equation  (1)  as  a  measure  of 
teleportation  quality  should  be  abundantly  clear.  But  this  is  only  the  first  sten  in 
finding  a  way  to  test  criterion  2.  For  this,  we  must  invent  a  quantity  that 
incorporates  information  about  the  teleportation  quality  of  many  possible  quan¬ 
tum  states  The  reason  for  this  is  evident:  in  general  it  is  possible  to  achieve  a 
nonzero  fidelity  between  input  and  output  even  when  a  cheating  Alice  and  Bob  use 
no  entanglement  whatsoever  in  their  purported  teleportation.  This  can  come  about 

whenever  Alice  and  Bob  can  make  use  of  some  prior  knowledge  about  Victor’s 
actions. 

As  an  example,  consider  the  case  where  Alice  and  Bob  are  privy  to  the  fact  that 
Victor  wishes  only  to  teleport  states  drawn  from  a  given  orthogonal  set.  At  any 
shot  they  know  they  will  be  given  one  of  these  states,  just  not  which  one  Then 
clearly,  they  need  use  no  entanglement  to  ‘transmit’  the  quantum  states  from  one 
position  to  the  other.  A  cheating  Alice  need  only  perform  a  measurement  O  whose 
eigenstates  coincide  with  the  orthogonal  set  and  send  the  outcome  she  obtains  to 
Bob.  Bob  can  use  that  information  to  resynthesize  the  appropriate  state  at  his  end 
No  entanglement  has  been  used,  and  yet  with  respect  to  these  states  perfect 
teleportation  has  occurred. 

This  example  helps  define  the  issue  much  more  sharply.  The  issue  turns  on 
haying  a  general  statement  of  what  it  means  to  say  that  Alice  and  Bob  are  given  an 
unknown  quantum  state?  In  the  most  general  setting  it  means  that  Alice  and  Bob 
know  that  Victor  draws  his  states  \tw)  from  a  fixed  set  5;  they  just  know  not  which 
one  he  will  draw  at  any  shot.  This  lack  of  knowledge  is  taken  into  account  by  a 
probability  ascription  P(iV'in)).  That  is: 

All  useful  criteria  for  the  achievement  of  teleportation  must  be  anchored  in 
w  aiever  S  and  P{\‘^\f))  are  given.  A  criterion  is  senseless  if  the  states  to  which 
it  is  to  be  applied  are  not  mentioned  explicitly. 

This  makes  it  sensible  to  consider  the  average  fidelity  between  input  and  output 


F-cW  J  7^(l'0in))-^(f'0in)  ,  ^out)  diV'in)  ,  (9) 

as  a  benchmark  capable  of  eliciting  the  degree  to  which  Criterion  2  is  satisfied.  If  S 
consists  of  orthogonal  states,  then  no  criterion  whatsoever  (short  of  watching  Alice 
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and  Bob’s  every  move)  will  ever  be  able  to  draw  a  distinction  between  true 
teleportation  and  the  sole  use  of  the  classical  side  channel.  Things  only  become 
Interesting  when  the  set  S  consists  of  two  or  more  nonorthogonal  quantum  states 
[4]:  for  only  then  will  fav  =  1  never  be  achievable  by  a  cheating  Alice  and  Bob. 

By  making  the  set  S  more  and  more  complicated,  we  can  define  ever  more 
stringent  tests  connected  to  Criterion  2.  For  instance,  consider  the  simplest  non¬ 
trivial  case:  take  5  =  5o  =  ( It/'o)  d’/'i)},  a  set  of  just  two  nonorthogonal  states  (with 
a  real  inner  product  a:  =  cos 6).  Suppose  the  two  states  occur  with  equal  prob¬ 
ability.  Then  it  can  be  shown  [12]  that  the  best  thing  for  a  cheating  Alice  and  Bob 
to  do  is  this.  Alice  measures  an  operator  whose  orthogonal  eigenvectors  symme¬ 
trically  bestride  |^o)  and  \tpy).  Using  that  information,  Bob  synthesizes  one  of  two 
states  ii^o)  and  it^i)  each  lying  in  the  same  plane  as  the  original  two  states,  but  each 
tweaked  slightly  toward  the  other  by  an  angle  [22] 


f  =  iarctan 


,1  +  sin  5 


- 1 


(1  T  t/  \ 

- - : — “+  cos  26\ 

1  -  sin  ^  1 


sin  20 


This  (optimal)  strategy  gives  a  fidelity 

F  av 


i(i+  (1 


). 


(10) 


(11) 


Even  in  the  worst  case  (when  x  =  1/2*/^),  this  fidelity  is  always  relatively  high— it 
is  always  above  0.933  [23]. 

This  shows  that  choosing  Sq  to  check  for  the  fulfilment  of  Criterion  2  is  a  very 
weak  test.  For  an  example  of  the  opposite  extreme,  consider  the  case  where  S 
consists  of  every  normalized  vector  in  a  Hilbert  space  of  dimension  d  and  assume 
that  5  is  equipped  with  the  uniform  probability  distribution  (i.e.  the  unique 
distribution  that  is  invariant  with  respect  to  all  unitary  operations).  Then  it  turns 
out  that  the  maximum  value  can  take  is  [24] 


For  the  case  of  a  single  qubit,  i.e.  d  =  2,  Alice  and  Bob  would  only  have  to  achieve 
a  fidelity  of  2/3  before  they  could  claim  that  they  verifiably  used  some  entangle¬ 
ment  for  their  claimed  teleportation.  But,  again,  this  is  only  if  Victor  can  be  sure 
that  Alice  and  Bob  know  absolutely  nothing  about  which  state  he  inputs  other  than 
the  dimension  of  the  Hilbert  space  it  lives  in. 

This  last  example  finally  prepares  us  to  build  a  useful  criterion  for  the 
verification  of  continuous  quantum- variable  teleportation  in  the  experiment  of 
Furusawa  et  al.  [3].  For  a  completely  unknown  quantum  state  in  that  experiment 
would  correspond  to  taking  the  limit  d  -*  ca  above.  If  Victor  can  be  sure  that  Alice 
and  Bob  know  nothing  whatsoever  about  the  quantum  states  he  intends  to  teleport, 
then  on  average  the  best  fidelity  they  can  achieve  in  cheating  is  strictly  zero!  In  this 
case,  seeing  any  nonzero  fidelity  whatsoever  in  the  laboratory  would  signify  that 
unconditional  quantum  teleportation  had  been  achieved. 

But  making  such  a  drastic  assumption  for  the  confirmation  set  S  would  be 
going  too  far.  This  would  be  the  case  if  for  no  other  reason  because  any  present- 
day  Victor  lacks  the  experimental  ability  to  make  good  his  threat.  Any  Alice  and 
Bob  that  had  wanted  to  cheat  in  the  Furusawa  et  al.  experiment  would  know  that 
the  Victor  using  their  services  is  technically  restricted  by  the  fact  that  only  a 
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handful  of  manifestly  quantum  or  nonclassical  states  have  ever  been  generated  in 
quantum  optics  laboratories  [25],  By  far  the  most  realistic  and  readily  available 
laboratory  source  available  to  Victor  is  one  that  creates  optical  coherent  states  of  a 
single  field  mode  for  his  test  of  teleportation.  Therefore  in  all  that  follows  we  will 
explicitly  make  the  assumption  that  S  contains  the  coherent  states  la)  with  a 
Gaussian  distribution  centred  over  the  vacuum  state  describing  the  probability 
density  on  that  set.  As  we  shall  see  presently,  it  turns  out  that  in  the  limit  that  the 
variance  of  the  Gaussian  distribution  approaches  infinity — i.e.  the  distribution  of 
states  becomes  ever  more  uniform— the  upper  bound  for  the  average  fidelity 
achievable  by  a  cheating  Alice  and  Bob  using  optica!  heterodyne  measurements  is 

=  2-  (13) 

Any  average  fidelity  that  exceeds  this  bound  must  have  come  about  through  the 
use  of  some  entanglement. 


3.  Optimal  heterodyne  cheating 

We  now  verify  equation  (13)  within  the  context  of  the  Furusawa  et  al.  experi¬ 
ment.  There,  the  object  is  to  teleport  an  arbitrary  coherent  state  of  a  finite 
bandwidth  electromagnetic  field.  (The  extension  of  the  single  mode  theory  of 
[11]  to  the  multimode  case  is  given  in  [26].)  We  focus  for  simplicity  on  the  single 
mode  case.  The  quantum  resource  used  for  the  process  is  one  that  entangles  the 
number  states  in)  of  two  modes  of  the  field.  Explicitly  the  entangled  state  is  given 


1 

where  r  measures  the  amount  of  squeezing  required  to  produce  the  entangled  state. 

In  order  to  verify  that  entanglement  was  actually  used  in  the  experiment,  as 
discussed  in  the  previous  section,  we  shall  assume  that  the  test  set  S  is  the  full  set 
of  coherent  states  i/3). 


1/3)  =  exp{-  \0\^/2) 


00 


0" 

wll/2 


l«), 


(15) 


where  the  complex  parameter  0  is  distributed  according  to  a  Gaussian  distribution, 

(16) 


A  2 

p{/3)  =  "exp  (-  Ai/?!  ). 

K 


Ultimately,  of  course,  we  would  like  to  consider  the  case  where  Alice  and  Bob  are 
completely  ignorant  of  which  coherent  state  is  drawn.  This  is  described  by  taking 
the  limit  A  — >  0  in  what  follows. 

It  is  well  known  that  the  measurement  optimal  for  estimating  the  unknown 
parameter^/?  when  it  is  distributed  according  to  a  Gaussian  distribution  [28]  is  the 
POVM  {Ea)  constructed  from  the  coherent  state  projectors  according  to 


=  "ia)(al , 
Tt 


(17) 


first  suggested  by  Arthurs  and  Kelly  [29].  This  measurement  is  equivalent  to 
optical  heterodyning  [30].  These  points  make  this  measurement  immediately 
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attractive  for  the  present  considerations.  On  the  one  hand,  maximizing  the  average 
fidelity  (as  is  being  considered  here)  is  almost  identical  in  spirit  to  the  state- 
estimation  problem  of  [28].  On  the  other,  in  the  Furusawa  et  ai  experiment  a 
cheating  Alice  who  uses  no  entanglement  actually  performs  precisely  this  meas¬ 
urement. 

We  therefore  consider  an  Alice  who  performs  the  measurement  {£«}  and 
forwards  on  the  outcome — i.e.  the  complex  number  a — to  Bob.*  The  only  thing 
Bob  can  do  with  this  information  is  to  generate  a  new  quantum  state  according  to 
some  rule,  a  i /«).  Let  us  make  no  a  priori  restrictions  on  the  states  i  The 
task  is  first  to  find  the  maximum  average  fidelity  £mia(A)  Bob  can  achieve  for  a 
given  A. 

For  a  given  strategy  a  \fa),  the  achievable  average  fidelity  is 


FiX)  = 


[piD)  p(a\p)\{U0)\^d^a')^  d^/? 


-  — f  ' 

'  ■rr2i  . 


exp  (-  A|/?|^)  exp  (-  la  -  d^/?  d^a 


=  exp(-  iai^)(/„i  exp(-  ( 1  +  A)i/3r  +  IRea  0)\l3){/3\  i /„>  d^ct. 


Notice  that  the  operator  enclosed  within  the  brackets  in  equation  (21),  i.e. 


=  I  exp  (- 


( 1  +  A)i/3i  +  2  Re  a 


’/s)  1/3}  (01 


is  a  positive  semi-definite  Hermitian  operator  that  depends  only  on  the  real 
parameter  A  and  the  complex  parameter  a.  It  follows  that 

(fcvlCalfa)  ^  pl(Ca)y  (23) 

where  pi(X)  denotes  the  largest  eigenvalue  of  the  operator  jf. 

With  this,  Bob’s  best  strategy  is  apparent.  For  each  a,  he  simply  adjusts  the 
state  !  fa)  to  be  the  eigenvector  of  with  the  largest  eigenvalue.  Then  equality  is 
achieved  in  equation  (23),  and  it  is  just  a  question  of  being  able  to  perform  the 
integral  in  equation  (21). 

The  first  step  in  carrying  this  out  is  to  find  the  eigenvector  and  eigenvalue 
achieving  equality  in  equation  (23).  This  is  most  easily  evaluated  by  unitarily 
transforming  Oa  into  something  that  is  diagonal  in  the  number  basis,  picking  off 
the  largest  eigenvalue,  and  transforming  back  to  get  the  optical  ! /«).  (Recall  that 
eigenvalues  are  invariant  under  unitary  transformations.) 

*  We  caution,  however,  that  the  present  considerations  do  not  prove  the  optimality  of 
heterodyne  measurement  for  im  arbitrarily  adversarial  Alice  and  Bob — they  simply  make  it 
fairly  plausible.  Complete  optimization  requires  the  consideration  of  all  POVMs  that  Alice 
can  conceivably  perform  along  with  explicit  consideration  of  the  structure  of  the  fidelity 
function  considered  here,  not  simply  the  variance  of  an  estimator  as  in  the  state-estimation 
problem.  More  on  this  issue  can  be  found  in  [32]. 
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The  upshot  of  this  procedure  is  best  illustrated  by  working  backward  toward 
the  answer.  Consider  the  positive  operator 


expf-  (1  +  X)\l3\^]\0){/3\  d^0. 


Expanding  this  operator  in  the  number  basis,  we  find 


So  clearly, 


P  =  71 

n-O 


l.l\iP)  = 


Now  consider  the  displaced  operator 


2-- 

where  Diu)  is  the  standard  displacement  operator  [32].  Working  this  out  in  the 
coherent- state  basis,  one  finds 


exp [-  { 1  +  A)i/?i“l  /5  +  7^ 


exp/'- (1  +  A)  7-  '\l7)(7ldS 


=  exp 


-(1+A)I7I  +  2ReQ:’‘7ji7)(7i  d^7  (30) 


/*  IQJI  \ 
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Using  this  in  the  expression  for  F(A)  we  find, 


j-_  ^  f  /  ^  -\ 

T  -J  exp/  -  - - -iofi  \  d-a 

71  2  +  A  ^  \  1  +  A 


\fa)d^a  (32) 


Equality  is  achieved  in  this  chain  by  taking 


T7I 


Therefore  the  maximum  average  fidelity  is  given  by 


■^max(A)  - 


t 
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In  the  limit  that  A  -*  0,  i.e.  when  Victor  draws  his  states  from  a  uniform  distri¬ 
bution,  we  have 

•^maxl  “*  2  >  (  37) 

as  advertised  in  [3]. 

It  should  be  noted  that  nothing  in  this  argument  depended  upon  the  mean  of 
the  Gaussian  distribution  being  0=0.  Both  would  need  to  minimally  modify  his 
strategy  to  take  into  account  Gaussians  with  a  non-vacuum  state  mean,  but  the 
optimal  fidelity  would  remain  the  same. 


4.  Conclusion 

Where  do  we  stand?  What  remains?  Clearly  one  would  like  to  develop  a  toolbox 
of  ever  more  stringent  and  significant  tests  of  quantum  teleportation — ones 
devoted  not  only  to  Criterion  2,  but  to  all  the  others  mentioned  in  the  section  1 
as  well.  Significant  among  these  are  delineations  of  the  fidelities  that  must  be 
achieved  to  insure  the  honest  teleportation  of  nonclassical  states  of  light,  such  as 
squeezed  states.  Some  work  in  this  direction  appears  in  [11],  but  one  would  like  to 
find  something  more  in  line  with  the  framework  presented  here.  Luckily,  a  more 
general  setting  for  this  problem  can  be  formulated  [32]  as  it  will  ultimately  be 
necessary  to  explore  any  number  of  natural  verification  sets  S  and  their  resilience 
with  respect  to  arbitrarily  adversarial  Alice  and  Bob  teams. 
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A  scheme  to  achieve  dense  quantum  coding  for  the  quadrature  amplitudes  of  the  electromagnetic  field  is 
presented.  The  protocol  utilizes  shared  entanglement  provided  by  nondegenerate  parametric  down-conversion 
in  the  limit  of  large  gain  to  attain  high  efficiency.  For  a  constraint  in  the  mean  number  of  photons  n  associated 
with  modulation  in  the  signal  channel,  the  channel  capacity  for  dense  coding  is  found  to  be  ln(l  which 

always  beats  coherent-state  communication  and  surpasses  squeezed-state  communication  for  «>!,  For  n 
>  1 ,  the  dense  coding  capacity  approaches  twice  that  of  either  scheme. 
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An  important  component  of  contemporary  quantum  infor¬ 
mation  theory  is  the  investigation  of  the  classical  information 
capacities  of  noisy  quantum  communication  channels.  Here, 
classical  information  is  encoded  by  the  choice  of  one  particu¬ 
lar  quantum  state  from  among  a  predefined  ensemble  of 
quantum  states  by  the  sender  Alice  for  transmission  over  a 
quantum  channel  to  the  receiver  Bob.  If  Alice  and  Bob  are 
allowed  to  communicate  only  via  a  one-way  exchange  along 
such  a  noisy  quantum  channel,  then  the  optimal  amount  of 
classical  information  that  can  be  reliably  transmitted  over  the 
channel  has  recently  been  established  [1,2]. 

Stated  more  explicitly,  if  a  classical  signal  a  taken  from 
the  ensemble  P„  is  to  be  transmitted  as  a  quantum  state 
then  Holevo’s  bound  for  a  bosonic  quantum  channel  says 
that  the  mutual  information  H{A:B)  between  the  sender  A 
(Alice)  and  receiver  B  (Bob)  is  bounded  by  [1] 

//(A:B)^S(p)-J  d^aP^ipJ^Sip),  (1) 

where  S(p)  is  the  von  Neumann  entropy  associated  with  the 

density  operator  p= Jd^aPaPa  for  the  mean  channel  state. 

By  contrast,  if  Alice  and  Bob  share  a  quantum  resource  in 
the  form  if  an  ensemble  of  entangled  states,  then  quantum 
mechanics  enables  protocols  for  communication  that  can  cir¬ 
cumvent  the  aforementioned  bound  on  channel  capacity.  For 
example,  as  shown  originally  by  Bennett  and  Wiesner  [3], 
Alice  and  Bob  can  beat  the  Holevo  limit  by  exploiting  their 
shared  entanglement  to  achieve  dense  quantum  coding.  Here, 
the  signal  is  encoded  at  Alice’s  sending  station  and  transmit¬ 
ted  via  one  component  of  a  pair  of  entangled  quantum  states, 
with  then  the  second  component  of  the  entangled  pair  ex¬ 
ploited  for  decoding  the  signal  at  Bob’s  receiving  station.  In 
this  scheme,  the  cost  of  distributing  the  entangled  states  to 
Alice  and  Bob  is  not  figured  into  the  accounting  of  con¬ 
straints  on  the  quantum  channel  (e.g.,  the  mean  energy). 
Such  neglect  of  the  distribution  cost  of  entanglement  is  sen¬ 
sible  in  some  situations,  as  tor  example,  if  the  entanalement 
were  to  be  sent  during  off-peak  times  when  the  communica¬ 
tion  channel  is  otherwise  under  utilized,  or  if  it  had  been 
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conveyed  by  other  means  to  Alice  and  Bob  in  advance  (e.g., 
via  a  pair  of  quantum  CDs  with  stored,  entangled  quantum 
states).  Note  that  in  general,  no  signal  modulation  is  applied 
to  the  second  (i,e.,  Bob’s)  component  of  the  entangled  state, 
so  that  it  carries  no  information  by  itself. 

Although  quantum  dense  coding  has  most  often  been  dis¬ 
cussed  within  the  setting  of  discrete  quantum  variables  (e,g., 
qubits)  [3,4],  in  this  paper  we  show  that  highly  efficient 
dense  coding  is  possible  for  continuous  quantum  variables. 
As  in  our  prior  work  on  quantum  teleportation  [5-7],  our 
scheme  for  achieving  quantum  dense  coding  exploits 
squeezed-state  entanglement,  and  therefore  should  allow  un¬ 
conditional  signal  transmission  with  high  efficiency,  in  con¬ 
trast  to  the  conditional  transmission  with  extremely  tow  ef¬ 
ficiency  achieved  in  Ref,  [4],  More  specifically,  for  signal 
states  a  associated  with  the  complex  amplitude  of  the  elec¬ 
tromagnetic  field,  the  channel  capacity  for  dense  coding  is 

found  to  be  tn(l+n+^),  where  n  is  the  mean  photon  num¬ 
ber  for  modulation  in  the  signal  channel.  The  channel  capac¬ 
ity  for  dense  coding  in  our  scheme  thus  always  beats 
coherent-state  communication  and  surpasses  squeezed-state 
communication  for  n>  1 .  For  nt>  1 ,  the  dense  coding  capac¬ 
ity  approaches  twice  that  of  either  scheme. 

As  illustrated  in  Fig.  1.  the  relevant  continuous  variables 
for  our  protocol  are  the  quadrature  amplitudes  (x,p)  of  the 
electromagnetic  field,  with  the  classical  signal  a=(x) 
4-/(p)  then  associated  with  the  quantum  state  drawn 
from  the  phase  space  for  a  single  mode  of  the  field.  The 
entangled  resource  shared  by  Alice  and  Bob  is  a  pair  of  EPR 
beams  with  quantum  correlations  between  canonically  con¬ 
jugate  variables  (x,p)(i.2)  as  were  first  described  by  Einstein. 
Podolsky,  and  Rosen  (EPR  [8]),  and  which  can  be  efficiently 
generated  via  the  nonlinear  optical  process  of  parametric 
down  conversion,  resulting  in  a  highly  squeezed  two-mode 
state  of  the  electromagnetic  field  [9,10],  In  the  ideal  case,  the 
correlations  between  quadrature-phase  amplitudes  for  the 
two  beams  ( 1 ,2)  are  such  that 

((xi-.r2)^)-»0,  ((p,+p2)-)->0,  (2) 
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FIG.  I.  Illustration  of  the  scheme  for  achieving  super-den.se 
quantum  coding  for  signal  states  over  the  complex  amplitude  a 
=x  +  ip  of  the  electromagnetic  field.  The  quantum  resource  that 
enables  dense  coding  is  the  EPR  source  that  generates  entangled 
beams  ( 1 ,2)  shared  by  Alice  and  Bob. 


albeit  it  with  an  concomitant  divergence  in  the  mean  photon 
number  n  in  each  channel. 

Component  1  of  this  entangled  pair  of  beams  is  input  to 
Alice’s  sending  station,  where  the  message  Af  “  correspond¬ 
ing  to  the  classical  signal  is  encoded  as  the  quantum  state 
^“in  ^  simple  phase-space  offset  by  way  of  the  displace¬ 
ment  operator  D{a^^  applied  to  1  [11].  The  displacement 
^(®in)  can  be  implemented  in  a  straightforward  fashion  by 
amplitude  and  phase  offsets  generated  by  the  (suitably  nor¬ 
malized)  classical  currents  {ix/p)  as  in  Ref.  [7].  The  state 
corresponding  to  Alice’s  displacement  of  the  EPR  beam  con¬ 
stitutes  the  quantum  signal  and  is  transmitted  along  the  quan¬ 
tum  channel  shown  in  Fig.  1  to  Bob’s  receiving  station,  (Fig. 
2)  where  it  is  decoded  with  the  aid  of  the  second  component 
2  of  the  original  EPR  pair  of  beams  and  the  homodyne  de¬ 
tectors  {d^,dp).  The  resulting  photocurrents  suit¬ 
ably  normalized  to  produce  constitute  the 

message  Ml  received  by  Bob.  In  the  limit  «-^oo,  Eq.  (2) 
ensures  aout=a;i„,  so  that  the  classical  message  would  be 
perfectly  recovered.  However,  even  for  finite  n  as  is  relevant 
to  a  channel  constrained  in  mean  energy,  the  finite  correla¬ 
tions  implicit  in  the  EPR  beams  enable  quantum  dense  cod¬ 
ing  with  enhanced  channel  capacity  relative  to  either  coher¬ 
ent  state  or  squeezed  state  communication,  as  we  now  show. 

Consider  the  specific  case  of  EPR  beams  (1,2)  approxi¬ 
mated  by  the  two-mode  squeezed  state  with  Wigner  function 


^epr(«i  .«2) - Texp[-e  ''\oi\  -  ajfp-  -  ai)-, 

-^‘'(«i  +  «2)|~e”''’(a'|-l-a2)/],  (3) 

where  the  subscripts  R  and  /  refer  to  real  and  imaginary  parts 


Beam 


EPR  Beam  2 

FIG.  2.  Depiction  of  signal  decoding  at  Bob’s  receiving  station, 
(a)  At  Bob's  50-  50  beam  splitter  Wf, ,  the  displaced  EPR  beam  1  is 
combined  with  the  component  2  to  yield  two  independent  squeezed 
beams,  with  the  /8, 2  beams  having  fluctuations  reduced  below  the 
vacuum-state  limit  along  Homodyne  detection  at 

(f/,.,dp)  (Fig.  ])  with  LO  phases  set  to  measure  respec¬ 

tively,  then  yields  the  complex  signal  amplitude  with  variance 
set  by  the  associated  squeezed  states,  (b)  The  net  effect  of  the  dense 
coding  protocol  is  the  transmission  and  detection  of  states  of  com¬ 
plex  amplitude  a  with  an  effective  uncertainty  below  the  vacuum- 
state  limit  (indicated  by  the  dashed  circle). 

of  the  field  amplitude  or,  respectively  (i.e,,  ap  [=x,p).  Note 
that  for  r-voo,  the  field  state  becomes  the  ideal  EPR  state  as 
described  in  Eq.  (2),  namely, 

^ Epr(  oti,a2)-^CS(aip  +  a2p)  5(  or  1  /  —  0:2/)  •  (4) 

As  shown  in  Fig.  1,  signal  modulation  is  performed  only 
on  mode  1,  with  mode  2  treated  as  an  overall  shared  re¬ 
source  by  Alice  and  Bob  (and  which  could  have  been  gen¬ 
erated  by  Alice  herself).  The  modulation  scheme  that  we 
choose  is  simply  to  displace  mode  1  by  an  amount  ai„ .  This 
leads  to  a  displaced  Wigner  function  given  by  WEPR(ai 
-  ain,a2)-  corresponding  to  the  field  state  that  is  sent  via  the 
quantum  channel  from  Alice  to  Bob. 

Upon  receiving  this  transmitted  state  (consisting  of  the 
modulated  mode  1),  the  final  step  in  the  dense-coding  pro¬ 
tocol  is  for  Bob  to  combine  it  with  the  shared  resource  fmode 
2)  and  retrieve  the  original  classical  signal  with  as  high  a 
fidelity  as  possible.  As  indicated  in  Fig.  1,  this  demodulation 
can  be  performed  with  a  simple  50-50  beam  splitter  that 
superposes  the  modes  (1,2)  to  yield  output  fields  that  are  the 
sum  and  difference  of  the  input  fields  and  which  we  label  as 

and  ^2^  respectively.  The  resulting  state  emerging  from 
Bob’s  beam  splitter  has  Wigner  function 

^.wm/diff)  ^  1  >^2)  ~  ^EPr((^1  "F^2)^  jS]  /S?)/  'fl) . 

(5) 

The  classical  signal  that  we  seek  is  retrieved  by  homodyne 
detection  at  detectors  (dx,dp),  which  measure  the  analogs  of 
position  and  momentum  for  the  sum  and  difference  fields 
(;®i'y®2)'  Fo*"  idciil  homodyne  detection  the  resulting  out¬ 
comes  are  distributed  according  to 
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le-’' 

P(/3ia)= - exp(-2e-'‘|y3-a/\/2|^), 

TT 

where  ^=P\R+iP2i  and  represents  a  highly  peaked  distri¬ 
bution  about  the  complex  displacement  al'Jl.  For  large 
squeezing  parameter  r  this  allows  us  to  extract  the  original 
signal  a  which  we  choose  to  be  distributed  as 

Pa= — (6) 

TTd' 

Note  that  mode  1  of  this  displaced  state  has  a  mean  number 
of  photons  given  by 


n  =  cr^  +  sinh^  r.  (7) 

In  order  to  compute  the  quantity  of  information  that  may 
be  sent  through  this  dense  coding  channel  we  note  the  un¬ 
conditioned  probability  for  the  homodyne  statistics  is  given 
by 


/>(y8)  = 


2  i  -2W  \ 

•7r( <7^  + £“-'■)  ' 


(8) 


for  large  squeezing  r.  This  is  just  one-half  of  the  asymptotic 
dense  coding  mutual  information,  see'Eq.  (1 1).  TTius  asymp¬ 
totically,  at  least,  the  dense  coding  scheme  allows  twice  as 
much  information  to  be  encoded  within  a  given  state,  al¬ 
though  it  has  an  extra  expense  (not  included  within  the 
simple  constraint  n  )  of  requiring  shared  entanglement. 

It  is  worth  noting  that  this  dense  coding  scheme  does  not 
always  beat  the  optimal  single  channel  capacity.  Indeed,  for 
small  squeezing  it  is  worse.  The  break-even  squeezing  re¬ 
quired  for  dense  coding  to  equal  the  capacity  of  the  optimal 
single  channel  communication  is 

^break-even~®'2809,  (14) 

which  corresponds  to  roughly  6.78  of  two-mode  squeez¬ 
ing  or  to  n— 1.884.  This  break-even  point  takes  into  account 
the  difficulty  of  making  highly  squeezed  two-mode  squeezed 
states.  No  similar  difficulty  has  been  factored  into  making 
ideal  number  states  used  in  the  benchmark  scheme  with 
which  our  dense  coding  scheme  is  compared. 

A  fairer  comparison  is  against  single-mode  coherent  state 
communication  with  heterodyne  detection.  Here  the  channel 
capacity  is  well  known  [14-16]  for  the  mean  photon  number 
constraint  to  be 


The  mutual  information  describing  the  achievable  informa¬ 
tion  throughput  of  this  dense  coding  channel  is  then  given  by 

=  ln(l+crV’-).  (9) 


C~'’=ln(l+n),  (15) 

which  is  always  beaten  by  the  optimal  dense  coding  scheme 
described  by  Eq.  (10). 

An  improvement  on  coherent  state  communication  is 
squeezed  state  communication  with  a  single  mode.  The  chan¬ 
nel  capacity  of  this  channel  has  been  calculated  [16]  to  be 


For  a  fixed  n  in  Eq.  (7)  this  information  is  optimized  when 

n  =  e’^sitUar,  i.e.,  when  =  sinh  r  cosh  r  so  yielding  a  dense 
coding  capacity  of 

C‘^"“=ln(l-(-n  +  i72),  (10) 

which  for  large  squeezing  r  becomes 

C‘i"n“~4r.  (11) 

How  efficient  is  this  dense  coding  in  comparison  to  single 
channel  coding?  Let  us  place  a  “common”  constraint  of 
having  a  fixed  mean  number  of  photons  n  which  can  be 
modulated.  For  a  single  bosonic  channel  Drummond  and 
Caves  [12]  and  Yuen  and  Ozawa  [13]  have  used  Holevo’s 
result  to  show  that  the  optimal  channel  capacity  is  just  that 
given  by  photon  counting  from  a  maximum  entropy  en¬ 
semble  of  number  states.  In  this  case  the  channel  capacity 
(the  maximal  mutual  information)  achieves  the  ensemble  en¬ 
tropy,  see  Eq.  (1),  so 

C=S(p)  =  (  1  +n)In(  1  +n)-;7  Inn.  (12) 

Substituting  n  =  e'sinh  r  into  this  we  find 

C~2r,  (13) 


C«’=ln(H-27),  (16) 

which  is  beaten  by  the  dense  coding  scheme  of  Eq.  (10)  for 
n  >  1 ,  i.e.,  the  break-even  squeezing  required  is 

'•break.even= 0-5493,  (17) 

which  corresponds  to  4.77  dB. 

In  summary,  we  have  shown  how  to  perform  dense  quan¬ 
tum  coding  for  continuous  quantum  variables  by  utilizing 
squeezed  state  entanglement.  For  a  constraint  in  the  mean 

number  of  photons  that  may  be  modulated  n,  the  dense  cod¬ 
ing  capacity  is  found  to  be  Ml+n+ri-).  This  scheme  always 
beats  single-mode  coherent-state  communication  and  sur¬ 
passes  single-mode  squeezed-state  communication  for  n 
>  1 .  Note  that  in  terms  of  actual  implementation,  our  proto¬ 
col  should  allow  for  high  efficiency,  unconditional  transmis¬ 
sion  with  encoded  information  sent  every  inverse  bandwidth 
time.  This  situation  is  in  contrast  to  implementations  that 
employ  weak  parametric  down  conversion,  where  transmis¬ 
sion  is  achieved  conditionally  and  relatively  rarely.  In  fact 
Mattie  et  al.  [4]  obtained  rates  of  only  1  in  10^  per  inverse 
bandwidth  time  [17].  By  going  to  strong  down  conversion 
and  using  a  characteristically  different  type  of  entanglement, 
our  scheme  should  allow  information  to  be  sent  with  much 
higher  efficiency  and  should  simultaneously  improve  the 
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ability  to  detect  orthogonal  Bell  states.  Indeed,  these  advan¬ 
tages  enabled  the  first  experimental  realization  of  uncondi¬ 
tional  quantum  teleportation  within  the  past  year  [7].  Beyond 
the  particular  setting  of  quantum  communication  discussed 
here,  this  research  is  part  of  a  larger  program  to  explore  the 
potential  for  quantum  information  processing  with  continu¬ 
ous  quantum  variables.  Such  investigations  are  quite  timely 
in  light  of  important  recent  progress  concerning  the  pros¬ 
pects  for  diverse  quantum  algorithms  with  continuous  vari¬ 
ables,  including  universal  quantum  computation  [18]  and 
quantum  error  correction  [19-21],  with  quantum  teleporta¬ 
tion  being  a  prime  example  [5,22,23].  Although  still  in  its 


earliest  stages,  theoretical  protocols  have  been  developed  for 
realistic  physical  systems  that  should  allow  a  variety  of  el¬ 
ementary  processing  operations  for  continuous  quantum 
variables,  including  significantly  quantum  storage  for  EPR 
states.  [24,25] 
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Quantum  teleportation  of  an  unknown  broadband  electromagnetic  field  is  investigated.  The  continuous- 
variable  teleportation  protocol  by  Braunstein  and  Kimble  [Phys.  Rev.  Lett.  80,  869  (1998)]  for  teleporting  the 
quantum  state  of  a  single  mode  of  the  electromagnetic  field  is  generalized  for  the  case  of  a  multimode  field 
with  finite  bandwith.  We  discuss  criteria  for  continuous- variable  teleportation  with  various  sets  of  input  states 
and  apply  them  to  the  teleportation  of  broadband  fields.  We  first  consider  as  a  set  of  input  fields  (from  which 
an  independent  state  preparer  draws  the  inputs  to  be  teleported)  arbitrary  pure  Gaussian  states  with  unknown 
coherent  amplitude  (squeezed  or  coherent  states).  This  set  of  input  states,  further  restricted  to  an  alphabet  of 
coherent  states,  was  used  in  the  experiment  by  Furusawa  et  al  [Science  282,  706  (1998)].  It  requires  unit-gain 
teleportation  for  optimizing  the  teleportation  fidelity.  In  our  broadband  scheme,  the  excess  noise  added  through 
unit-gain  teleportation  due  to  the  finite  degree  of  the  squeezed-state  entanglement  is  just  twice  the  (entangle¬ 
ment)  source’s  squeezing  spectrum  for  its  “quiet  quadrature.”  The  teleportation  of  one  half  of  an  entangled 
state  (two-mode  squeezed  vacuum  state),  i.e.,  “entanglerrient  swapping,”  and  its  verification  are  optimized 
under  a  certain  nonunit  gain  condition.  We  will  also  give  a  broadband  description  of  this  continuous- variable 
entanglement  swapping  based  on  the  single-mode  scheme  by  van  Loock  and  Braunstein  [Phys.  Rev.  A  61, 

10302  (2000)]. 

PACS  number(s):  03.67. -a,  03.65.Bz,  42.50.Dv 

I.  INTRODUCTION  teleported  is  not  independently  coming  from  the  outside  [6] 

or  destructive  detection  of  the  photons  in  the  teleported  state 
Teleportation  of  an  unknown  quantum  state  is  its  disem-  is  employed  as  part  of  the  protocol  [5].  In  the  latter  case,  a 

bodied  transport  through  a  classical  channel,  followed  by  its  teleported  state  did  not  emerge  for  subsequent  examination 

reconstitution,  using  the  quantum  resource  of  entanglement.  or  exploitation.  This  situation  has  been  termed  ''a  posteriori 

Quantum  information  cannot  be  transmitted  reliably  via  a  teleportation,”  being  accomplished  via  post  selection  of  pho- 

classical  channel  alone,  as  this  would  allow  us  to  replicate  toelectric  counting  events  [7].  Without  postselection,  the  fi- 

the  classical  signal  and  so  produce  copies  of  the  initial  state,  delity  would  not  have  exceeded  the  value  |  required, 

thus  violating  the  no-cloning  theorem  [1],  More  intuitively,  The  teleportation  of  continuous  quantum  variables  such  as 
any  attempted  measurement  of  the  initial  state  only  obtains  position  and  momentum  of  a  particle  [8]  relies  on  the  en- 

partial  information  due  to  the  Heisenberg  uncertainty  prin-  tanglement  of  the  states  in  the  original  Einstein,  Podolsky, 

ciple  and  the  subsequently  collapsed  wave  packet  forbids  and  Rosen  (EPR)  paradox  [9].  In  quantum  optical  terms,  the 

information  gain  about  the  original  state  from  further  inspec-  observables  analogous  to  the  two  conjugate  variables  posi¬ 
tion.  Attempts  to  circumvent  this  disability  with  more  gener-  tion  and  momentum  of  a  particle  are  the  quadrature  ampli- 

alized  measurements  also  fail  [2].  tudes  of  a  single  mode  of  the  electromagnetic  field  [10].  By 

Quantum  teleportation  was  first  proposed  to  transport  an  considering  the  finite  (nonsingular)  degree  of  correlation  be- 

unknown  state  of  any  discrete  quantum  system,  e.g.,  a  spin-  tween  these  quadratures  in  a  two-mode  squeezed  state  [10],  a 

\  particle  [3].  In  order  to  accomplish  the  teleportation,  clas-  realistic  implementation  for  the  teleportation  of  continuous 

sical  and  quantum  methods  must  go  hand  in  hand.  A  part  of  quantum  variables  was  proposed  [11].  Based  on  this  pro- 

the  information  encoded  in  the  unknown  input  state  is  trans-  posal,  in  fact,  quantum  teleportation  of  arbitrary  coherent 

initted  via  the  quantum  correlations  between  two  separated  states  has  been  achieved  with  a  fidelity  0.58  ±0.02  [12]. 

subsystems  in  an  entangled  state  shared  by  the  sender  and  Without  using  entanglement,  by  purely  classical  communica- 

the  receiver.  In  addition,  classical  information  must  be  sent  tion,  an  average  fidelity  of  0.5  is  the  best  that  can  be 

via  a  conventional  channel.  For  the  teleportation  of  a  spin-  achieved  if  the  set  of  input  states  contains  all  coherent  states 

^-particle  state,  the  entangled  state  required  is  a  pair  of  spins  [13].  The  scheme  with  continuous  quadrature  amplitudes  of  a 

in  a  Bell  state  [4],  The  classical  information  that  has  to  be  single  mode  enables  an  a  priori  (or  “unconditional”)  tele- 

transmitted  contains  two  bits  in  this  case.  portation  with  high  efficiency  [11],  as  reported  in  Refs. 

Important  steps  toward  the  experimental  implementation  [14,12].  In  this  experiment,  three  criteria  necessary  for  quan- 

of  quantum  teleportation  of  single-photon  polarization  states  turn  teleportation  were  achieved:  (1)  An  unknown  quantum 

have  already  been  accomplished  [5,6].  However,  a  complete  state  enters  the  sending  station  for  teleportation.  (2)  A  tele¬ 
realization  of  the  original  teleportation  proposal  [3]  has  not  ported  state  emerges  from  the  receiving  station  for  subse- 

been  achieved  in  these  experiments,  as  either  the  state  to  be  quent  evaluation  or  exploitation.  (3)  The  degree  of  overlap 
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between  the  input  and  the  teleported  states  is  higher  than  that 
which  could  be  achieved  if  the  sending  and  the  receiving 
stations  were  linked  only  by  a  classical  channel. 

In  continuous-variable  teleportation,  the  teleportation  pro¬ 
cess  acts  on  an  infinite-dimensional  Hilbert  space  instead  of 
the  two-dimensional  Hilbert  space  for  the  discrete  spin  vari¬ 
ables.  However,  an  arbitrary  electromagnetic  field  has  an  in¬ 
finite  number  of  modes,  or  in  other  words,  a  finite  bandwidth 
containing  a  continuum  of  modes.  Thus,  the  teleportation  of 
the  quantum  state  of  a  broadband  electromagnetic  field  re¬ 
quires  the  teleportation  of  a  quantum  state  which  is  defined 
in  the  tensor  product  space  of  an  infinite  number  of  infinite¬ 
dimensional  Hilbert  spaces.  The  aim  of  this  paper  is  to  ex¬ 
tend  the  treatment  of  Ref.  [11]  to  the  case  of  a  broadband 
field,  and  thereby  to  provide  the  theoretical  foundation  for 
laboratory  investigations  as  in  Refs.  [14,12].  In  particular, 
we  demonstrate  that  the  two-mode  squeezed  state  output  of  a 
nondegenerate  optical  parametric  amplifier  (NOPA)  [15]  is  a 
suitable  EPR  ingredient  for  the  efficient  teleportation  of  a 
broadband  electromagnetic  field. 

In  the  three  above  mentioned  teleportation  experiments,  in 
Innsbruck  [5],  in  Rome  [6],  and  in  Pasadena  [12],  the  non- 
orthogonal  input  states  to  be  teleported  were  single-photon 
polarization  states  (qubits)  [5,6]  and  coherent  states  [12]. 
From  a  true  quantum  teleportation  device,  however,  we 
would  also  require  the  capability  of  teleporting  the  entangle¬ 
ment  source  itself.  This  teleportation  of  one  half  of  an  en¬ 
tangled  state  (entanglement  swapping  [16])  means  to  en- 
mngle  two  quantum  systems  that  have  never  directly 
interacted  with  each  other.  For  discrete  variables,  a  demon¬ 
stration  of  entanglement  swapping  with  single  photons  has 
been  reported  by  Pan  et  al.  [17].  For  continuous  variables, 
experimental  entanglement  swapping  has  not  yet  been  real¬ 
ized  in  the  laboratory,  but  there  have  been  several  theoretical 
proposals  of  such  an  experiment.  Polkinghome  and  Ralph 
[18]  suggested  teleporting  polarization-entangled  states  of 
single  photons  using  squeezed-state  entanglement  where  the 
output  correlations  are  verified  via  Bell  inequalities.  Tan  [19] 
and  van  Loock  and  Braunstein  [20]  considered  the  uncondi¬ 
tional  teleportation  (without  postselection  of  “successful” 
events  by  photon  detections)  of  one  half  of  a  two-mode 
squeezed  state  using  different  protocols  and  verification. 
Based  on  the  single-mode  scheme  of  Ref.  [20],  we  will  also 
present  a  broadband  description  of  continuous-variable  en¬ 
tanglement  swapping. 

II.  TELEPORTATION  OF  A  SINGLE  MODE 

In  the  teleportation  scheme  of  a  single  mode  of  the  elec¬ 
tromagnetic  field  (for  example,  representing  a  single  pulse  or 
wave  packet),  the  shared  entanglement  is  a  two-mode 
squeezed  vacuum  state  [11].  For  infinite  squeezing,  this  state 
contains  exactly  analogous  quantum  correlations  as  does  the 
state  described  in  the  original  EPR  paradox,  where  the 
quadrature  amplitudes  of  the  two  modes  play  the  roles  of 
position  and  momentum  [11].  The  entangled  state  is  sent  in 
two  halves:  one  to  “Alice”  (the  teleporter  or  sender)  and  the 
other  one  to  “Bob”  (the  receiver),  as  illustrated  in  Fig.  1.  In 
order  to  perform  the  teleportation,  Alice  has  to  couple  the 
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modes  I  and  2.  Alice  combines  the  mode  “in”  to  be  teleported 
with  her  half  of  the  EPR  state  at  a  beam  splitter.  The  homodyne 
detectors  and  Dp  yield  classical  photocurrents  for  the  quadra¬ 
tures  and  p„ ,  respectively.  Bob  performs  phase-space  displace¬ 
ments  of  his  half  of  the  EPR  state  depending  on  Alice’s  classical 
results. 

input  mode  she  wants  to  teleport  with  her  “EPR  mode”  at  a 
beam  splitter.  The  “Bell  detection”  of  the  x  quadrature  at 
one  beam  splitter  output,  and  of  the  p  quadrature  at  the  other 
output,  yields  the  classical  results  to  be  sent  to  Bob  via  a 
classical  communication  channel.  In  the  limit  of  an  infinitely 
squeezed  EPR  source,  these  classical  results  contain  no  in¬ 
formation  about  the  mode  to  be  teleported.  This  is  analogous 
to  the  Bell-state  measurement  of  the  spin- j -particle  pair  by 
Alice  for  the  teleportation  of  a  spin- j -particle  state.  The 
measured  Bell  state  of  the  spin- j -particle  pair  determines 
whether  the  particles  have  equal  or  different  spin  projections. 
The  spin  projection  of  the  individual  particles,  i.e.,  Alice’s 
EPR  particle  and  her  unknown  input  particle,  remains  com¬ 
pletely  unknown  [3].  According  to  this  analogy,  we  call  Al¬ 
ice’s  quadrature  measurements  for  the  teleportation  of  the 
state  of  a  single  mode  (and  of  a  multimode  field  in  the  fol¬ 
lowing  sections)  “Bell  detection.”  Due  to  this  Bell  detec¬ 
tion,  the  entanglement  between  Alice’s  “EPR  mode”  and 
Bob’s  “EPR  mode”  means  that  suitable  phase-space  dis¬ 
placements  of  Bob’s  mode  convert  it  into  a  replica  of  Alice’s 
unknown  input  mode  (a  perfect  replica  for  infinite  squeez¬ 
ing).  In  order  to  perform  these  displacements.  Bob  needs  the 
classical  results  of  Alice’s  Bell  measurement. 

The  previous  protocol  for  the  quantum  teleportation  of 
continuous  variables  used  the  Wigner  distribution  and  its 
convolution  formalism  [11].  The  teleportation  of  a  single 
mode  of  the  electromagnetic  field  can  also  be  recast  in  terms 
of  Heisenberg  equations  for  the  quadrature  amplitude  opera¬ 
tors,  which  is  the  formalism  that  we  employ  in  this  paper. 
For  that  purpose,  the  Wigner  function  Wepr  describing  the 
entangled  state  shared  by  Alice  and  Bob  [11]  is  replaced  by 
equations  for  the  quadrature  amplitude  operators  of  a  two¬ 
mode  squeezed  vacuum  state.  Two  independently  squeezed 
vacuum  modes  can  be  described  by  [10] 
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Xi  —  e  Xy  ,  Py  —  e  Py  , 


(1) 


X2=e^‘^X^2^ , 


P2^^'Pl\ 


where  a  superscript  (0)  denotes  initial  vacuum  modes  and  r 
is  the  squeezing  parameter.  Superimposing  the  two  squeezed 
modes  at  a  50/50  beam  splitter  yields  the  two  output  modes 


0,=  — e-'-n(0)+ 

V2  V2  ’ 


Xn  =  —  e'-r  (0)  -  —  e  - 

^  V2  '  V2  '  ’ 


(2) 


V2  v/2  ■ 


X2-^X^e]'=X2  +  T  yjlx^  , 

.  .  . 

P2-^Ptel  =  /?2  +  rV2f'„, 

thus  accomplishing  the  teleportation  [11].  The  parameter  T 
describes  a  normalized  gain  for  the  transformation  from  clas¬ 
sical  photocurrent  to  complex  field  amplitude.  For  r  =  l, 
Bob’s  displacement  eliminates  and  p^  appearing  in  Eqs. 
(4)  after  the  collapse  of  x^  and  Py  due  to  the  Bell  detection. 
The  teleported  field  then  becomes 


^tel=^in“  V2e”'■4°^ 

For  an  arbitrary  gain  F,  we  obtain 


.  r-1  _ 


■(0)_ 


r+1 

T 


-rt(0) 


r-1  .... 

Pcd=rpi„+  — + 


^/2 


r+1 


(6) 


(7) 


The  output  modes  1  and  2  are  now  entangled  to  a  finite 
degree  in  a  two-mode  squeezed  vacuum  state.  In  the  limit  of 
infinite  squeezing,  r— >oo,  both  output  modes  become  infi¬ 
nitely  noisy,  but  also  the  EPR  correlations  between  them 
become  ideal:  (jcj— X2)— ^0,  (Pi+P2)—^0.  Now  mode  1  is 
sent  to  Alice  and  mode  2  is  sent  to  Bob.  Alice’s  mode  is  then 
superimposed  at  a  50/50  beam  splitter  with  the  input  mode 


1  . 

1  . 

1  . 

1  , 

1  „ 

1  . 

1  . 

1  . 

Using  Eqs.  (3)  we  will  find  it  useful  to  write  Bob’s  mode  2 
as 


•^2  -^in  (-^1  -^2)  -^in  X2  ^  ^fZXj^, 

(4) 

'  P2  =  Pin+(Pl+P2)- V2py=^in+  \l2e~’'p[^^- ^p^  . 

Alice’s  Bell  detection  yields  certain  classical  values  and 
Py  for  x^^  and  py .  The  quantum  variables  x^  and  py  become 
classically  determined,  random  variables.  We  indicate  this  by 
turning  and  py  into  x^  and  Py  .  The  classical  probability 
distribution  of  x^  and  py  is  associated  with  the  quantum  sta¬ 
tistics  of  the  previous  operators  [11].  Now,  due  to  the  en¬ 
tanglement,  Bob’s  mode  2  collapses  into  states  that  for  r 
^00  differ  from  Alice’s  input  state  only  in  (random)  classi¬ 
cal  phase-space  displacements.  After  receiving  Alice’s  clas¬ 
sical  results  x^  and  py ,  Bob  displaces  his  mode 


Note  that  these  equations  take  no  Bell  detector  inefficiencies 
into  account. 

Consider  the  case  r==l.  For  infinite  squeezing 
Eqs.  (6)  describe  perfect  teleportation  of  the  quantum  state  of 
the  input  mode.  On  the  other  hand,  for  the  classical  case  of 
r=0,  i.e.,  no  squeezing  and  hence  no  entanglement,  each  of 
the  teleported  quadratures  has  two  additional  units  of 
vacuum  noise  compared  to  the  original  input  quadratures. 
These  two  units  are  so-called  quantum  duties  or  “quduties” 
which  have  to  be  paid  when  crossing  the  border  between 
quantum  and  classical  domains  [11].  The  two  quduties  rep¬ 
resent  the  minimal  tariff  for  every  “classical  teleportation” 
scheme  [13].  One  quduty,  the  unit  of  vacuum  noise  due  to 
Alice’s  detection,  arises  from  her  attempt  to  simultaneously 
measure  the  two  conjugate  variables  and  py^  [21].  This  is 
the  standard  quantum  limit  for  the  detection  of  both  quadra¬ 
tures  [22]  when  attempting  to  gain  as  much  information  as 
possible  about  the  quantum  state  of  a  light  field  [23].  The 
standard  quantum  limit  yields  a  product  of  the  measurement 
accuracies  which  is  twice  as  large  as  the  Heisenberg  mini¬ 
mum  uncertainty  product.  This  product  of  the  measurement 
accuracies  contains  the  intrinsic  quantum  limit  (Heisenberg 
uncertainty  of  the  field  to  be  detected)  plus  an  additional  unit 
of  vacuum  noise  due  to  the  detection  [22].  The  second 
quduty  arises  when  Bob  uses  the  information  of  Alice’s  de¬ 
tection  to  generate  the  state  at  amplitude  yj2x^^-\-iyj2p^  [11]. 
It  can  be  interpreted  as  the  standard  quantum  limit  imposed 
on  state  broadcasting. 

ni.  TELEPORTATION  CRITERIA 

The  teleportation  scheme  with  Alice  and  Bob  is  complete 
without  any  further  measurement.  The  quantum  state  tele¬ 
ported  remains  unknown  to  both  Alice  and  Bob  and  need  not 
be  demolished  in  a  detection  by  Bob  as  a  final  step.  How- 
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FIG.  2.  Verification  of  quantum  teleportation.  The  verifier 
“Victor”  is  independent  of  Alice  and  Bob.  Victor  prepares  the 
input  states  which  are  known  to  him,  but  unknown  to  Alice  and 
Bob.  After  a  supposed  quantum  teleportation  from  Alice  to  Bob,  the 
teleported  states  are  given  back  to  Victor.  Due  to  his  knowledge  of 
the  input  states,  Victor  can  compare  the  teleported  states  with  the 
input  states. 

ever,  maybe  Alice  and  Bob  are  cheating.  Instead  of  using  an 
EPR  channel,  they  try  to  get  away  without  entanglement  and 
use  only  a  classical  channel.  In  particular,  for  the  realistic 
experimental  situation  with  finite  squeezing  and  inefficient 
detectors  where  perfect  teleportation  is  unattainable,  how 
may  we  verify  that  successful  quantum  teleportation  has 
taken  place?  To  make  this  verification  we  shall  introduce  a 
third  party,  “Victor”  (the  verifier),  who  is  independent  of 
Alice  and  Bob  (Fig.  2).  We  assume  that  he  prepares  the 
initial  input  state  (drawn  from  a  fixed  set  of  states)  and 
passes  it  on  to  Alice.  After  accomplishing  the  supposed  tele¬ 
portation,  Bob  sends  the  teleported  state  back  to  Victor.  Vic¬ 
tor’s  knowledge  about  the  input  state  and  detection  of  the 
teleported  state  enable  Victor  to  verify  if  quantum  teleporta¬ 
tion  has  really  taken  place.  For  that  purpose,  however,  Victor 
needs  some  measure  that  helps  him  to  assess  when  the  simi¬ 
larity  between  the  teleported  state  and  the  input  state  exceeds 
a  boundary  that  is  only  exceedable  with  entanglement. 

A.  Teleporting  Gaussian  states  with  a  coherent  amplitude 

The  single-mode  teleportation  scheme  from  Ref.  [11] 
works  for  arbitrary  input  states,  described  by  any  Wigner 
function  .  Teleporting  states  with  a  coherent  amplitude 
as  reliably  as  possible  requires  unit-gain  teleportation  (unit 
gain  in  Bob’s  final  displacement).  Only  in  this  case,  the  co¬ 
herent  amplitudes  of  the  teleported  mode  always  match  those 
of  the  input  mode  when  Victor  draws  states  with  different 
amplitudes  from  the  set  of  input  states  in  a  sequence  of  trials. 
For  this  unit-gain  teleportation,  the  teleported  state  Wtei  is  a 
convolution  of  the  input  with  a  complex  Gaussian  of 
variance  Classical  teleportation  with  r  =  0  then  means 


the  teleported  mode  has  an  excess  noise  of  two  units  of 
vacuum  ^  ^  compared  to  the  input,  as  also  discussed  in  the 

previous  section.  Any  r>0  beats  this  classical  scheme,  i.e., 
if  the  input  state  is  always  recreated  with  the  right  amplitude 
and  less  than  two  units  of  vacuum  excess  noise,  we  may  call 
this  already  quantum  teleportation.  Let  us  derive  this  result 
using  the  least  noisy  model  for  classical  communication.  For 
the  input  quadratures  of  Alice’s  sending  station  and  the  out¬ 
put  quadratures  at  Bob’s  receiving  station,  the  least  noisy 
(linear)  model  if  Alice  and  Bob  are  only  classically  commu¬ 
nicating  can  be  written  as 


X  -r  Y-  +r 


(8) 


This  model  takes  into  account  that  Alice  and  Bob  can  only 
communicate  via  classical  signals,  since  arbitrarily  many 
copies  of  the  output  mode  can  be  made  by  Bob  where  the 
subscript  j  labels  the  yth  copy.  In  addition,  it  ensures  that  the 
output  quadratures  satisfy  the  commutation  relations 


[x 


[•^out,y  ’Pout, A:]  ’ 

out,;  ’-^out,/:]  “  [Pout,;  »Pout,Jt]  “ 


(9) 


Since  we  are  only  interested  in  one  single  copy  of  the  output 
we  drop  the  label  j.  The  parameter  5^  is  given  by  Alice’s 
measurement  strategy  and  determines  the  noise  penalty  due 
to  her  homodyne  detections.  The  gains  F^  and  F^  can  be 
manipulated  by  Bob  as  well  as  the  parameter  determining 
the  noise  distribution  of  Bob’s  original  mode.  The  set  of 
input  states  may  contain  pure  Gaussian  states  with  a  coherent 
amplitude,  described  by  ^in=  +  and  Pin=(Pin) 

where  Victor  can  choose  in  each  trial  the  coherent 
amplitude  and  if  and  to  what  extent  the  input  is  squeezed 
(parameter  .y^).  Since  Bob  always  wants  to  reproduce  the 
input  amplitude,  he  is  restricted  to  unit  gain,  symmetric  in 
both  quadratures  F;^.=  Fp  =  1 .  First,  after  obtaining  the  output 
states  from  Bob,  Victor  verifies  if  their  amplitudes  match  the 
corresponding  input  amplitudes.  If  not,  all  the  following  con¬ 
siderations  concerning  the  excess  noise  are  redundant,  be¬ 
cause  Alice  and  Bob  can  always  manipulate  this  noise  by 
fiddling  the  gain  (less  than  unit  gain  reduces  the  excess 
noise).  If  Victor  finds  overlapping  amplitudes  in  all  trials  (at 
least  within  some  error  range),  he  looks  at  the  excess  noise  in 
each  trial.  For  that  purpose,  let  us  define  the  normalized  vari¬ 
ance 


yX  _ 

outjin 


(AP) 


(10) 


and  analogously  with  x-^p  throughout  [(AO^) 

=var(0)].  Using  Eqs.  (8)  with  unit  gain,  we  obtain  the  prod¬ 
uct 


.  yp  .  = 

out, in  out,in 


(11) 
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It  is  minimized  for  =  ,  yielding  Vout,in^out,in=4.  The  op¬ 

timum  value  of  4  is  exactly  the  result  we  obtain  for  what  we 
may  call  classical  teleportation 

using  Eqs.  (6)  with  subscript  out^tel  in  Eq.  (10).  Thus,  we 
can  write  our  first  “fundamental”  limit  for  teleporting  states 
with  a  coherent  amplitude  as 

vLuA.in>  vLM(>-=0)vi^Jr=0)  =  4.  (12) 

If  Victor,  comparing  the  output  states  with  the  input  states, 
always  finds  violations  of  this  inequality,  he  may  already 
have  big  confidence  in  Alice’s  and  Bob’s  honesty  (i.e.,  that 
they  indeed  have  used  entanglement).  Equation  (12)  may 
also  enable  us  already  to  assess  if  a  scheme  or  protocol  is 
capable  of  quantum  teleportation.  Alternatively,  instead  of 

looking  at  the  products  ,  we  could  also  use  the 

sums  l^at  are  minimized 

for  5^  =  5i,=  l.  Then  we  find  the  classical  boundary 

-\-yP  .  ^4 
out,in' 

However,  taking  into  account  all  the  assumptions  made 
for  the  derivation  of  Eq,  (12),  this  boundary  appears  to  be 
less  fundamental.  First,  we  have  only  assumed  a  linear 
model.  Secondly,  we  have  only  considered  the  variances  of 
two  conjugate  observables  and  a  certain  kind  of  measure¬ 
ment  of  these.  An  entirely  rigorous  criterion  for  quantum 
teleportation  should  take  into  account  all  possible  variables, 
measurements  and  strategies  that  can  be  used  by  Alice  and 
Bob.  Another  “problem”  of  our  boundary  Eq.  (12)  is  that 
the  variances  are  not  directly  measurable,  because  the 
input  state  is  destroyed  by  the  teleportation  process.  How¬ 
ever,  for  Gaussian  input  states,  Victor  can  combine  his 
knowledge  of  the  input  variances  Vin  with  the  detected  vari¬ 
ances  Vout  in  order  to  infer  Voutjn  •  With  a  more  specific  set 
of  Gaussian  input  states,  namely  coherent  states,  the  least 
noisy  model  for  classical  communication  allows  us  to  deter¬ 
mine  the  directly  measurable  “fundamental”  limit  for  the 
normalized  variances  of  the  output  states 

vitVL^9.  (13) 

But  still  we  need  to  bear  in  mind  that  we  did  not  consider  all 
possible  strategies  of  Alice  and  Bob.  Also  for  arbitrary 
(set  of  input  states  contains  all  coherent  and  squeezed  states), 
Eq.  (13)  represents  a  classical  boundary,  as 

^out^^ut“  ) (“^y  *5'a 

is  minimized  for  s^  =  Sa  =  Si,,  yielding  How¬ 

ever,  since  is  unknown  to  Alice  and  Bob  in  every  trial, 
they  can  attain  this  classical  minimum  only  by  accident.  For 
Sjj  fixed,  e.g.,  (set  of  input  states  contains  “only” 

coherent  states),  Alice  and  Bob  knowing  this  can  always 

satisfy  V^ut^out“^  ^he  classical  model.  Alternatively,  the 
sums  are  mini¬ 

mized  with  i'^  =  5'^=l.  In  this  case,  we  obtain  the 
.y^-dependent  boundary  +  +  Without 

knowing  ,  Alice  and  Bob  can  always  attain  this  minimum 


in  the  classical  model.  In  every  trial,  Victor  must  combine 
his  knowledge  of  with  the  detected  output  variances  in 
order  to  find  violations  of  this  sum  inequality. 

Ralph  and  Lam  [24]  define  the  classical  boundaries 

(15) 


and 


^ut+rL^l.  (16) 

using  the  conditional  variance 

yx^  (^^out)  I  ^  l(^•^out^■^in)l^^  .  . 

(A:c^)vacuuml  / 

and  analogously  for  with  x~->p  throughout,  and  the  trans¬ 
fer  coefficient 


(18) 


and  analogously  with  x—>p  throughout.  Here,  <S  denotes 
the  signal  to  noise  ratio  for  the  square  of  the  mean  ampli- 

tudes,  namely  5  out=(^ou,)^/(Ax^J. 

Alice  and  Bob  using  only  classical  communication  are  not 
able  to  violate  either  of  the  two  inequalities  Eq.  (15)  and  Eq. 
(16).  In  fact,  these  boundaries  are  two  independent  limits, 
each  of  them  unexceedable  in  a  classical  scheme.  However, 
Alice  and  Bob  can  simultaneously  approach  V^-hV^  =  2  and 

Tout+T’out”  1  using  either  an  asymmetric  classical  detection 
and  transmission  scheme  with  coherent-state  inputs  or  a 
symmetric  classical  scheme  with  squeezed-state  inputs  [24]. 
For  quantum  teleportation,  Ralph  and  Lam  [24]  require  their 

classical  limits  be  simultaneously  exceeded,  V^-hV^<2  and 

is  only  possible  using  more  than  3  dB 
squeezing  in  the  entanglement  source  [24].  Apparently,  these 
criteria  determine  a  classical  boundary  different  from  ours  in 
Eq.  (12).  For  example,  in  unit-gain  teleportation,  our  in¬ 
equality  Eq.  (12)  is  violated  for  any  nonzero  squeezing  r 
>0.  Let  us  briefly  explain  why  we  encounter  this  discrep¬ 
ancy.  We  have  a  priori  assumed  unit  gain  in  our  scheme  to 
achieve  outputs  and  inputs  overlapping  in  their  mean  values. 
This  assumption  is,  of  course,  motivated  by  the  assessment 
that  good  teleportation  means  good  similarity  between  input 
and  output  states  (here,  to  be  honest,  we  already  have  some¬ 
thing  in  mind  similar  to  the  fidelity,  introduced  in  the  next 
section).  First,  Victor  has  to  check  the  match  of  the  ampli¬ 
tudes  before  looking  at  the  variances.  Ralph  and  Lam  permit 
arbitrary  gain,  because  they  are  not  interested  in  the  similar¬ 
ity  of  input  and  output  states,  but  in  certain  correlations  that 
manifest  separately  in  the  individual  quadratures  [25].  This 
point  of  view  originates  from  the  context  of  quantum  non¬ 
demolition  (QND)  measurements  [26],  which  are  focused  on 
a  single  QND  variable  while  the  conjugate  variable  is  not  of 
interest.  For  arbitrary  gain,  an  inequality  as  in  Eq.  (16),  con¬ 
taining  the  input  and  output  mean  values,  has  to  be  added  to 
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an  inequality  only  for  variances  as  in  Eq.  (15).  Ralph  and 
Lam’s  best  classical  protocol  permits  output  states  com¬ 
pletely  different  from  the  input  states,  e.g.,  via  asymmetric 
detection  where  the  lack  of  information  in  one  quadrature 
leads  on  average  to  output  states  with  amplitudes  completely 
different  from  the  input  states.  The  asymmetric  scheme 
means  that  Alice  is  not  attempting  to  gain  as  much  informa¬ 
tion  about  the  quantum  state  as  possible,  as  in  an  Arthurs- 
Kelly  measurement  [21].  The  Arthurs-Kelly  measurement, 
however,  is  exactly  what  Alice  should  do  in  our  best  classi¬ 
cal  protocol,  i.e.,  classical  teleportation.  Therefore,  our  best 
classical  protocol  always  achieves  output  states  already 
pretty  similar  to  the  input  states.  Apparently,  “the  best”  that 
can  be  classically  achieved  has  a  different  meaning  from 
Ralph  and  Lam’s  point  of  view  and  from  ours.  Then  it  is  no 
surprise  that  the  classical  boundaries  differ  as  well.  Apart 
from  these  differences,  however,  Ralph  and  Lam’s  criteria  do 
have  something  in  common  with  our  criterion  given  by  Eq. 
(12):  they  also  do  not  satisfy  the  rigor  we  require  from  cri¬ 
teria  for  quantum  teleportation  taking  into  account  every¬ 
thing  Alice  and  Bob  can  do.  By  limiting  the  set  of  input 
states  to  coherent  states,  we  are  able  to  present  such  a  rigor¬ 
ous  criterion  in  the  next  section. 


B.  The  fidelity  criterion  for  coherent-state  teleportation 

The  rigorous  criterion  we  are  looking  for  to  determine  the 
best  classical  teleportation  and  to  quantify  the  distinction  be¬ 
tween  classical  and  quantum  teleportation  relies  on  the  fidel¬ 
ity  F,  for  an  arbitrary  input  state  1^^^)  defined  by  [13] 

^-(<^inlPoutl(^in>-  (19) 

It  is  an  excellent  measure  for  the  similarity  between  the  input 

and  the  output  state  and  equals  one  only  if  Pout=lt^in)(^^inl- 
Now  Alice  and  Bob  know  that  Victor  draws  his  states  1 
from  a  fixed  set,  but  they  do  not  know  which  particular  state 
is  drawn  in  a  single  trial.  Therefore,  an  average  fidelity 
should  be  considered  [13], 

^av=  j  ^^inlPoutl  4>ix)d\ (20) 

where  B(|^j„))  is  the  probability  of  drawing  a  particular 
state  and  the  integral  runs  over  the  entire  set  of  input 
states.  If  the  set  of  input  states  contains  simply  all  possible 
quantum  states  in  an  infinite-dimensional  Hilbert  space  (i.e., 
the  input  state  is  completely  unknown  apart  from  the  Hilbert- 
space  dimension),  the  best  average  fidelity  achievable  with¬ 
out  entanglement  is  zero.  If  the  set  of  input  states  is  restricted 
to  coherent  states  of  amplitude  ai„=Xi„+z>i„  and  F 

=  (<^inl^utkin).  on  average,  the  fidelity  achievable  in  a 
purely  classical  scheme  (when  averaged  across  the  entire 
complex  plane)  is  bounded  by  [13] 

(21) 


Let  us  illustrate  these  nontrivial  results  with  our  single-mode 
teleportation  equations.  Up  to  a  factor  tt,  the  fidelity  F 

=  (“in|Ptei|o^in)  is  the  Q  function  of  the  teleported  mode 
evaluated  for  : 


f’=77-2tel(«in)  = 


;exp 


x^p 


-d-D^i 


iL+zkV 

2a-,  2a-JJ’ 

(22) 


where  F  is  the  gain  from  the  previous  sections  and  cr^  and 
CTp  are  the  variances  of  the  Q  function  of  the  teleported  mode 
for  the  corresponding  quadratures.  These  variances  are  ac¬ 
cording  to  Eqs.  (7)  for  a  coherent-state  input  and 

(Ax  ) vacuum  ) vacuum  4  given  by 

1  e~^'' 

a-,=cr^=-(i+rd+-^(r-i)2+— (r+i)2. 

(23) 


For  classical  teleportation  (r=0)  and  r=l,  we  obtain 

=  i  +  =  i  +  and 

indeed  F  =  Fav=i.  In  order  to  obtain  a  better  fidelity,  en¬ 
tanglement  is  necessary.  Then,  if  r  =  l,  we  obtain 
>  J  for  any  r>0.  For  r  =  0,  the  fidelity  drops  to  zero  as  F 
— >00  since  the  mean  amplitude  of  the  teleported  state  does 
not  match  that  of  the  input  state  and  the  excess  noise  in¬ 
creases.  For  r  =  0  and  F-O,  the  fidelity  becomes  F 
=  exp(--|<3'inp).  Upon  averaging  over  all  possible  coherent- 
state  inputs,  this  fidelity  also  vanishes.  Assuming  nonunit 
gain,  it  is  crucial  to  consider  the  average  fidelity  F^^i=F. 
When  averaging  across  the  entire  complex  plane,  any  non¬ 
unit  gain  yields  F^^=0,  This  is  exactly  why  Victor  should 
first  check  the  match  of  the  amplitudes  for  different  input 
states.  If  Alice  and  Bob  are  cheating  and  fiddle  the  gain  in  a 
classical  scheme,  a  sufficiently  large  input  amplitude  reveals 
the  truth.  These  considerations  also  apply  to  the  asymmetric 
classical  detection  and  transmission  scheme  with  a  coherent- 
state  input  [24]  discussed  in  the  previous  section.  Of  course, 
the  asymmetric  scheme  does  not  provide  an  improvement  in 
the  fidelity.  In  fact,  the  average  fidelity  drops  to  zero,  if  Alice 
detects  only  one  quadrature  (and  gains  complete  information 
about  this  quadrature)  and  Bob  obtains  the  full  information 
about  the  measured  quadrature,  but  no  information  about  the 
second  quadrature.  In  an  asymmetric  classical  scheme,  Alice 
and  Bob  stay  far  within  the  classical  domain  The 

best  classical  scheme  with  respect  to  the  fidelity  is  the  sym¬ 
metric  one  (“classical  teleportation”)  with  F^y=\. 

The  supposed  limitation  of  the  fidelity  criterion  that  the 
set  of  input  states  contains  “only”  coherent  states  is  com¬ 
pensated  by  having  an  entirely  rigorous  criterion.  Of  course, 
the  fidelity  criterion  does  not  limit  the  possible  input  states 
for  which  the  presented  protocol  works.  It  does  not  mean  we 
can  only  teleport  coherent  states  (as  we  will  clearly  see  in  the 
next  section).  However,  so  far,  it  is  the  only  criterion  that 
enables  the  experimentalist  to  rigorously  verify  quantum 
teleportation.  That  is  why  Furusawa  et  al  [12]  were  happy  to 
have  used  coherent-state  inputs,  because  they  could  rely  on  a 
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Claire 


FIG.  3.  Entanglement  swapping  using  the  two  entangled  two¬ 
mode  squeezed  vacuum  states  of  modes  1  and  2  (shared  by  Alice 
and  Claire)  and  of  modes  3  and  4  (shared  by  Claire  and  Bob)  as  in 
Ref.  [20]. 

strict  and  rigorous  criterion  (and  not  only  because  coherent 
states  are  the  most  readily  available  source  for  the  state  pre¬ 
parer  Victor). 

C.  Teleporting  entangled  states:  entanglement  swapping 

From  a  true  quantum  teleportation  device,  we  require  that 
it  can  not  only  teleport  nonorthogonal  states  very  similar  to 
classical  states  (such  as  coherent  states),  but  also  extremely 
nonclassical  states  such  as  entangled  states.  When  teleport¬ 
ing  one  half  of  an  entangled  state  (“entanglement  swap¬ 
ping”),  we  are  certainly  much  more  interested  in  the  preser¬ 
vation  of  the  inseparability  than  in  the  match  of  any  input 
and  output  amplitudes.  We  can  say  that  entanglement  swap¬ 
ping  is  successful,  if  the  initially  unentangled  modes  become 
entangled  via  the  teleportation  process  (even,  if  this  is  ac¬ 
companied  by  a  decrease  of  the  quality  of  the  initial  en¬ 
tanglement).  In  Ref.  [20]  has  been  shown,  that  the  single¬ 
mode  teleportation  scheme  enables  entanglement  swapping 
for  any  nonzero  squeezing  (r>0)  in  the  two  initial  entangled 
states  (of  which  one  provides  the  teleporter’s  input  and  the 
other  one  the  EPR  channel  or  vice  versa). 

Let  us  introduce  “Claire”  who  performs  the  Bell  detec¬ 
tion  of  modes  2  and  3  (Fig.  3).  Before  her  measurement, 
mode  1  (Alice’s  mode)  is  entangled  with  mode  2,  and  mode 

3  is  entangled  with  mode  4  (Bob’s  mode)  [20].  Due  to 
Claire’s  detection,  mode  1  and  4  are  projected  on  entangled 
states.  Entanglement  is  teleported  in  every  single  projection 
(for  every  measured  value  of  and  /?„)  without  any  further 
local  displacement  [27].  How  can  we  verify  that  entangle¬ 
ment  swapping  was  successful?  Simply,  by  verifying  that 
.Alice  and  Bob,  who  initially  did  not  share  any  entanglement, 
are  able  to  perform  quantum  teleportation  using  mode  1  and 

4  after  entanglement  swapping  [20].  But  then  we  urgently 
need  a  rigorous  criterion  for  quantum  teleportation  that  un- 
ambigously  recognizes  when  Alice  and  Bob  have  used  en¬ 
tanglement  and  when  they  have  not.  Now,  again,  we  can  rely 
on  the  fidelity  criterion  for  coherent-state  teleportation.  Alice 
and  Bob  again  have  to  convince  Victor  that  they  are  using 
entanglement  and  are  not  cheating.  Of  course,  this  is  only  a 
reliable  verification  scheme  of  entanglement  swapping,  if 
one  can  be  sure  that  Alice  and  Bob  did  not  share  entangle¬ 
ment  prior  to  entanglement  swapping  and  that  Claire  is  not 
allowed  to  perform  unit-gain  displacements  (or  that  Claire  is 


not  allowed  to  receive  any  classical  information).  Otherwise, 
Victor’s  coherent-state  input  could  be  teleported  step  by  step 
from  Alice  to  Claire  (with  unit  gain)  and  from  Claire  to  Bob 
(with  unit  gain).  This  protocol,  however,  requires  more  than 
3  dB  squeezing  in  both  entanglement  sources  (if  equally 
squeezed)  to  ensure  Fav>i  [20].  Using  entanglement  swap¬ 
ping,  Alice  and  Bob  can  achieve  F^y>  j  for  any  squeezing, 
but  one  of  them  has  to  perform  local  displacements  based  on 
Claire’s  measurement  results.  Any  gain  is  allowed  in  these 
displacements,  since  in  entanglement  swapping,  we  are  not 
interested  in  the  transfer  of  coherent  amplitudes  (and  the  two 
initial  two-mode  squeezed  states  are  vacuum  states  anyway). 
But  only  the  optimum  gain  rswap=tanh2r  ensures  Fav>i 
for  any  squeezing  and  provides  the  optimum  fidelity  [20]. 
Unit  gain  1  entanglement  swapping  would  require 

more  than  3  dB  squeezing  in  both  entanglement  sources  (if 
equally  squeezed)  to  achieve  Fav>  i  [20],  or  to  confirm  the 
teleportation  of  entanglement  via  detection  of  the  combined 
entangled  modes  [19]. 

We  will  also  give  a  broadband  protocol  of  entanglement 
swapping  as  a  “nonunit-gain  teleportation.”  The  verification 
of  entanglement  swapping  via  the  fidelity  criterion  for 
coherent-state  teleportation  demonstrates  how  useful  this  cri¬ 
terion  is.  Less  rigorous  criteria,  as  presented  in  Sec.  IE  A, 
cannot  reliably  tell  us  if  Alice  and  Bob  use  entanglement 
emerging  from  entanglement  swapping.  Furthermore,  the  en¬ 
tanglement  swapping  scheme  demonstrates  that  a  two-mode 
squeezed  state  enables  true  quantum  teleportation  for  any 
nonzero  squeezing.  Requiring  more  than  3  dB  squeezing,  as 
it  is  necessary  for  quantum  teleportation  according  to  Ralph 
and  Lam  [24],  is  not  necessary  for  the  teleporation  of  en¬ 
tanglement. 

rV,  BROADBAND  ENTANGLEMENT 

In  this  section,  we  demonstrate  that  the  EPR  state  required 
for  broadband  teleportation  can  be  generated  either  directly 
by  nondegenerate  parametric  down  conversion  or  by  com¬ 
bining  two  independently  squeezed  fields  produced  via  de¬ 
generate  down  conversion  or  any  other  nonlinear  interaction. 

First,  we  review  the  results  of  Ref.  [15]  based  on  the 
input-output  formalism  of  Collett  and  Gardiner  [28]  where  a 
nondegenerate  optical  parametric  amplifier  in  a  cavity 
(NOP A)  is  studied.  We  will  see  that  the  upper  and  lower 
sidebands  of  the  NOPA  output  have  correlations  similar  to 
those  of  the  two-mode  squeezed  state  in  Eqs.  (2).  The  optical 
parametric  oscillator  is  considered  polarization  nondegener¬ 
ate  but  frequency  “degenerate”  (equal  center  frequency  for 
the  orthogonally  polarized  output  modes).  The  interaction 
between  the  two  modes  is  due  to  the  nonlinear  medium 
(in  a  cavity)  and  may  be  described  by  the  interaction  Hamil¬ 
tonian 

(24) 

The  undepleted  pump  field  amplitude  at  frequency  2ajo  is 
described  as  a  c  number  and  has  been  absorbed  into  the 
coupling  A*  which  also  contains  the  susceptibility.  With¬ 
out  loss  of  generality  k  can  be  taken  to  be  real.  The  dynam- 
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FIG.  4.  The  NOPA  as  in  Ref.  [15].  The  two  cavity  modes  a  |  and 
^2  interact  due  to  the  nonlinear  medium.  The  modes  and 
^2^^  are  the  external  vacuum  input  modes,  Bi  and  ^2  are  the  exter¬ 
nal  output  modes,  cf  ^  and  are  the  vacuum  modes  due  to  cavity 

losses,  y  is  a  damping  rate  and  /?  is  a  loss  parameter  of  the  cavity. 

ics  of  the  two  cavity  modes  and  a  2  are  governed  by  the 
above  interaction  Hamiltonian,  and  input-output  relations 
can  be  derived  relating  the  cavity  modes  to  the  external 
vacuum  input  modes  and  the  external  output 
modes  Bi  and  B2,  and  two  unwanted  vacuum  modes  and 
describing  cavity  losses  (Fig.  4).  Recall,  the  superscript 
(0)  refers  to  vacuum  modes.  We  define  uppercase  operators 
in  the  rotating  frame  about  the  center  frequency  coq. 


(25) 

with  ^  =  [Ai  2;^i,2i^U2  ;^i^2]  and  the  full  Heisenberg  op¬ 
erators  o  —  [a\  2l^\,2'->^^^,2  By  the  Fourier  transforma¬ 

tion 

d(n)=^j  dtd{t)e‘^‘,  (26) 

the  fields  are  now  described  as  functions  of  the  modulation 
frequency  fl  with  commutation  relation  [d(fl),d'^(n')] 
=  S(a-n')  for  B,,2,  and  since  [dit),dHt')] 
=^S(t-t').  Expressing  the  outgoing  modes  in  terms  of  the 
incoming  vacuum  modes,  one  obtains  [15] 

+g(n)cft(-a),  (27) 


with  the  functions  G{fl)  and  g(fi)  of  Eq.  (27)  simplifying 
to 


G(fl)  = 

gW- 


(y/2-/n)^-/c^’ 

Ky 

(y/2-ffl)^— 


(29) 


Here,  the  parameter  y  is  a  damping  rate  of  the  cavity  (Fig.  4) 
and  is  assumed  to  be  equal  for  both  polarizations.  Equation 
(28)  represents  the  input-output  relations  for  a  lossless 
NOPA. 

Following  Ref.  [29],  we  introduce  frequency  resolved 
quadrature  amplitudes  given  by 


X/fi)  =  i[B/ft)  +  sJ(-0)], 
p/fi)-^[fi/fi)-Et(-a)], 

(30) 

;ef(a)=-[fij°>(n)+fij'»t(-n)], 

pf(n)=^[,Bf(a)-sf>t(-n)], 

provided  Using  them  Eq.  (28)  becomes 

x/ft) = G(n)xf  (H) + g(a);eHi^ ). 

(31) 

Pj{£i)=G{a)Pf\a)-gmPf\a). 

Here,  we  have  used  G(fl)  =  G*(  — fl)  and  g(fl) 
=g*(-fi). 

At  this  juncture,  we  show  that  the  output  quadratures  of  a 
lossless  NOPA  in  Eqs.  (31)  correspond  to  two  independently 
squeezed  modes  coupled  to  a  two-mode  squeezed  state  at  a 
beam  splitter.  The  operational  significance  of  this  fact  is  that 
the  EPR  state  required  for  broadband  teleportation  can  be 
created  either  by  nondegenerate  parametric  down  conversion 
as  described  by  the  interaction  Hamiltonian  in  Eq.  (24),  or  by 
combining  at  a  beam  splitter  two  independently  squeezed 
fields  generated  via  degenerate  down  conversion  [30]  (as 
done  in  the  teleportation  experiment  of  Ref.  [12]), 

Let  us  thus  define  the  superpositions  of  the  two  output 
modes  (barred  quantities) 


where  k-3-j\  j=l,2  (so  k  refers  to  the  opposite  mode  to 
;),  and  with  coefficients  to  be  specified  later.  The  two  cavity 
modes  have  been  assumed  to  be  both  on  resonance  with  half 
the  pump  frequency  at  wq. 

Let  us  investigate  the  lossless  case  where  the  output  fields 
become 


^  1  .  . 


Bi—  ^2)^ 


Bj{£i)  G(fl)5j  \fl)4*g(fi)R[  ^'^(  fl),  (28)  and  of  the  two  vacuum  input  modes 


(32) 
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(33) 

In  terms  of  these  superpositions,  Eq.  (28)  becomes 

I ,  (fi) = G(fi  )Bf\a) + -  o) , 

(34) 

l2(ft)=G(fi)Bf\fi)-g(n)l^o^^(-a). 

In  Eqs.  (34),  the  initially  coupled  modes  of  Eq.  (28)  are 
decoupled,  corresponding  to  two  independent  degenerate 
parametric  amplifiers. 

In  the  limit  fl— »0,  the  two  modes  of  Eqs.  (34)  are  each  in 
the  same  single-mode  squeezed  state  as  the  two  modes  in 
Eqs.  (1).  More  explicitly,  by  setting  G(0)  =  coshr  and 
g(0)  =  sinhr,  the  annihilation  operators 


Xi=^(x,+X2)= 

(38) 

X2  =  ^(^i-X2)=  ), 

P2  =  ^{Pi-P2)=^ie-^P?^-e^P‘^\ 

as  the  two-mode  squeezed  state  in  Eqs.  (2).  The  coupled 
modes  in  Eqs.  (37)  expressed  in  terms  of  and  are 
the  two  NOPA  output  modes  of  Eq.  (28),  if  fl-4>0  and 
G(0)  =  coshr,  g(0)=sinhr. 

More  generally,  for  fl  =5^0,  the  quadratures  corresponding 
to  Eqs.  (34), 

f,(n)=[G(n)+g(n)]|(‘»(a), 
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The  quadratures  in  Eqs.  (40)  are  precisely  the  NOPA  output 
quadratures  of  Eqs.  (31)  as  anticipated.  With  the  functions 
G(fl)  and  ^(fi)  of  Eqs.  (29),  we  obtain 


Xi(ft)=  -^sAa)x^°\a)+^s.{a)2f\a), 


ytl—  Af+/fi 
yl2+  K— iCl  ’ 


G(xi)+g(a)= 


(7/2+  k)^  +  0} 

{yH— i£l)^  — 


(41) 


For  the  limits  fl^O,  K^yll  (the  limit  of  infinite  squeez¬ 
ing),  we  obtain  [G(a)-g(n)]^0  and  [G(n)-fg(fl)] 
— >00.  If  fi-^-0,  /f— >0  (the  classical  limit  of  no  squeezing), 
then  [G(n)  — g(n)]— >1  and  [G(n)-l-g(fi)]— .  Thus  for 
fl-+0,  Eqs.  (40)  in  the  above-mentioned  limits  correspond 
to  Eqs.  (38)  in  the  analogous  limits  r— (infinite  squeezing) 
and  r-^0  (no  squeezing).  For  large  squeezing,  apparently  the 
individual  modes  of  the  “broadband  two-mode  squeezed 
state”  in  Eqs.  (40)  are  very  noisy.  In  general,  the  input 
vacuum  modes  are  amplified  in  the  NOPA,  resulting  in  out¬ 
put  modes  with  large  fluctuations.  But  the  correlations  be¬ 
tween  the  two  modes  increase  simultaneously,  so  that 

[Xi(fl)-:e2(O)]-.0  and  [P,(n)  +  .P2(ft)]^0  for  0^0 
and  /f— >y/2. 

The  squeezing  spectra  of  the  independently  squeezed 
modes  can  be  derived  from  Eqs.  (39)  and  are  given  by  the 
spectral  variances 


1^2(11)= ^5+(n)if(0)-^5_(a)lf‘’>(0), 


(44) 


^2(n)= ^5_(O)p<0)(n)-  ^s+(n)^W(fi). 

Before  obtaining  this  “broadband  two-mode  squeezed 
vacuum  state,”  the  squeezing  of  the  two  initial  modes  may 
be  generated  by  any  nonlinear  interaction,  e.g.,  apart  from 
the  OPA,  also  by  four- wave  mixing  in  a  cavity  [31]. 


V.  TELEPORTATION  OF  A  BROADBAND  FIELD 

For  the  teleportation  of  an  electromagnetic  field  with  fi¬ 
nite  bandwidth,  the  EPR  state  shared  by  Alice  and  Bob 
should  be  a  broadband  two-mode  squeezed  state,  as  dis¬ 
cussed  in  the  previous  section.  The  incoming  electromag¬ 
netic  field  to  be  teleported  EJ^z,t)  =  E\^\z,t)+E\~\z,t), 
traveling  in  positive-z  direction  and  having  a  single  polariza¬ 
tion,  can  be  described  by  the  positive-frequency  part 

£[;)(z,t)  =  [£[->(z,r)]t 


(Axi(n)Aii(a'))=(A%a)AP2(n')) 

=  5(n-a')|5,(a)p(Ax2)„, 

(42) 

{Aii(a)AX2(a'))=(AP|(a)APi(a')) 

=  5(n-a')|5_(n)P(A;e^>,,„„„, 

here  with  |5+(a)p=|G(a)-l-g(n)p  and  |5_(a)p 

=  |G(a)-g(a)p  ((AX^)vacuuin=  ?)•  In  general,  Eqs.  (42) 
may  define  arbitrary  squeezing  spectra  of  two  statistically 
identical  but  independent  broadband  squeezed  states.  The 
two  corresponding  squeezed  modes 

A,(a)=54n)lW(n),  p^m=s_(a)pf\a), 

(43) 

A2(a)=5_(n)^f(a),  #2(n)=5+(a)pW(a), 


(45) 

The  integral  runs  over  a  relevant  bandwidth  W  centered  on 
wq,  A,r  represents  the  transverse  structure  of  the  field  and  u 
is  a  units-dependent  constant  (in  Gaussian  units  u  =  Att) 
[29].  The  annihilation  and  creation  operators  ^i„((w)  and 
{>ln{co)  satisfy  the  commutation  relations  [^in(<u),^in(<u')] 
—  0  and  [^in(<w),^l„((w')]=  5(«y— &»').  The  incoming  elec¬ 
tromagnetic  field  may  now  be  described  in  a  rotating  frame 
as 


^m(0 +  iPin(0  =  [-^JO  +  j^n(<)]e“"°'  =  ^  i„(t)e‘"o'. 


(46) 


as  in  Eq.  (25)  with 


Bi,W- 


(47) 


where  refers  to  the  quiet  quadratures  and  5+(fl)  to 

the  noisy  ones,  can  be  used  as  EPR  source  for  the  following 
broadband  teleportation  scheme  when  they  are  combined  at  a 
beam  splitter: 


as  in  Eq.  (26)  and  commutation  relations 

=  0,  [.Bi„(n),.Bl„(fI')]=5(fl-n'). 

Of  course,  the  unknown  input  field  is  not  completely  ar¬ 
bitrary.  In  the  case  of  an  EPR  state  from  the  NOPA,  we  will 
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see  that  for  successful  quantum  teleportation,  the  center  of 
the  input  field’s  spectral  range  W  should  be  around  the 
NOP  A  center  frequency  cdq  (half  the  pump  frequency  of  the 
NOPA).  Further,  as  we  shall  see,  its  spectral  width  should  be 
small  with  respect  to  the  NOPA  bandwidth  to  benefit  from 
the  EPR  correlations  of  the  NOPA  output.  As  for  the  trans¬ 
verse  structure  and  the  single  polarization  of  the  input  field, 
we  assume  that  both  are  known  to  all  participants. 

In  spite  of  these  complications,  the  teleportation  protocol 
is  performed  in  a  fashion  almost  identical  to  the  zero- 
bandwidth  case.  The  EPR  state  of  modes  1  and  2  is  produced 
either  directly  as  the  NOPA  output  or  by  the  superposition  of 
two  independently  squeezed  beams,  as  discussed  in  the  pre¬ 
ceding  section.  Mode  1  is  sent  to  Alice  and  mode  2  is  sent  to 
Bob  (see  Fig.  1)  where  for  the  case  of  the  NOPA,  these 
modes  correspond  to  two  orthogonal  polarizations.  Alice  ar¬ 
ranges  to  superimpose  mode  1  with  the  unknown  input  field 
at  a  50/50  beam  splitter,  yielding  for  the  relevant  quadratures 


(48) 


Using  Eqs.  (48)  we  will  find  it  useful  to  write  the  quadrature 
operators  of  Bob’s  mode  2  as 


bandwidth.  Each  of  them  must  be  viewed  as  complex  quan¬ 
tities  in  order  to  respect  the  RF  phase.  The  whole  feedfor¬ 
ward  process,  continuously  performed  in  the  time  domain 
(i.e.,  performed  every  inverse-bandwidth  time),  includes  Al¬ 
ice’s  detections,  her  classical  transmission  and  corresponding 
amplitude  and  phase  modulations  of  Bob’s  EPR  beam.  Any 
relative  delays  between  the  classical  information  conveyed 
by  Alice  and  Bob’s  EPR  beam  must  be  such  that  Ar 
l/AH  with  the  inverse  bandwidth  of  the  EPR  source  l/AO 
(for  an  EPR  state  from  the  NOPA:  A/<^7”^).  Expressed  in 
the  frequency  domain,  the  final  modulations  can  be  described 
by  the  classical  “displacements” 

X2(n)->x,ei(fi) =X2(a) + r(n) 

(51) 

The  parameter  r(fl)  is  again  a  suitably  normalized  gain 
(now,  in  general,  depending  on  fi). 

For  r(fl)==l,  Bob’s  displacements  from  Eqs.  (51)  ex¬ 
actly  eliminate  XuiO,)  and  Py(n)  in  Eqs.  (49).  The  same 
applies  to  the  Hermitian  conjugate  versions  of  Eqs.  (49)  and 
Eqs.  (51).  We  obtain  the  teleported  field 

(52) 


U^)=xi,m-[x,m~x2m]-^x,in) 

(49) 

^2(fl)=An(^i)+[p,(n)+p2(fi)]-^/2P„(ft) 

=  Pi^ia)  +  ^/25_(^)P''”(fi)  -  >/2P„(fl). 

Here  we  have  used  Eqs.  (44).  How  is  Alice’s  “Bell  detec¬ 
tion”  which  yields  classical  photocurrents  performed?  The 
photocurrent  operators  for  the  two  homodyne  detections, 

and  l(t)oc\E[o\PuO),  can  be  written 
(without  loss  of  generality  we  assume  fi>0)  as 

j  W 

(50) 

f  ^me,(fi)[n(n)e-‘^'+pI(n)e'“']. 

Jw 

with  a  noiseless,  classical  local  oscillator  (LO)  and 
representing  the  detectors’  responses  within  their  electronic 
bandwidths  Aflg, :  =  l  for  and  zero  oth¬ 

erwise.  We  assume  that  the  relevant  bandwidth  W 
(~MHz)  is  fully  covered  by  the  electronic  bandwidth  of  the 
detectors  ('--GHz).  Therefore,  /iei(fi)^l  in  Eqs.  (50).  Con¬ 
tinuously  in  time,  these  photocurrents  are  measured  and  fed- 
forward  to  Bob  via  a  classical  channel  with  sufficient  RF 


For  an  arbitrary  gain  r(fl),  the  teleported  field  becomes 


r(n)-i 

x.e,(fi)=r(fi)xjn) - -J^s^{a)x^^\a) 


r(fi)+i 


5_(a)if(n), 


(53) 


r(a)-i 

p«,(n)=r(a)pjo)+  s^(a)pf(a) 


r  (n)+ 1 

+  ^  s.(a)pf\a). 


In  general,  these  equations  contain  non-Hermitian  operators 
with  nonreal  coefficients.  Let  us  assume  an  EPR  state  from 
the  NOPA,  S±(fl)  —  G(il)±g(n),  In  the  zero-bandwidth 
limit,  the  quadrature  operators  are  Hermitian  and  the  coeffi¬ 
cients  in  Eqs.  (52)  and  Eqs.  (53)  are  real.  For  fl— ^0  and 
r(fl)==l,  the  teleported  quadratures  computed  from  the 
above  equations  are,  in  agreement  with  the  zero-bandwidth 
results,  given  by  and  Ptei~Pin»  if  K^yfl  and 

hence  [G(n)'~’^(fl)]~^0  (infinite  squeezing).  Thus,  for 
zero  bandwidth  and  an  infinite  degree  of  EPR  correlations, 
Alice’s  unknown  quantum  state  of  mode  “in”  is  exactly 
reconstituted  by  Bob  after  generating  the  output  mode  “tel” 
through  unit-gain  displacements.  However,  we  are  particu¬ 
larly  interested  in  the  physical  case  of  finite  bandwidth.  Ap- 
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parently,  in  unit-gain  teleportation,  the  complete  disappear¬ 
ance  of  the  two  classical  quduties  for  perfect  teleportation 
requires  0  =  0  (with  an  EPR  state  from  the  NOPA).  Does 
this  mean  an  increasing  bandwidth  always  leads  to  deterio¬ 
rating  quantum  teleportation?  In  order  to  make  quantitative 
statements  about  this  issue,  we  consider  input  states  with  a 
coherent  amplitude  (unit-gain  teleportation)  and  calculate  the 
spectral  variances  of  the  teleported  quadratures  for  a 
coherent-state  input  to  obtain  a  “fidelity  spectrum.” 

A.  Teleporting  broadband  Gaussian  fields 
with  a  coherent  amplitude 

Let  us  employ  teleportation  equations  for  the  real  and 
imaginary  parts  of  the  non-Hermitian  quadrature  operators. 
In  order  to  achieve  a  nonzero  average  fidelity  when  teleport¬ 
ing  fields  with  a  coherent  amplitude,  we  assume  r(n)=  1. 
According  to  Eqs.  (52),  the  real  and  imaginary  parts  of  the 
teleported  quadratures  are 

Re  X,e,(a)  =  Re  XJfi)  -  ^/2  Re[5_ (a)]Re 

+  V2Im[5_(fl)]ImIf)(0), 


Here  we  have  used  that 

(A  ReXf  (a)A  Reif>(fl'))  =  5(a-fl')(A  Rel2)„ 
=  (A  Im^jO)(fi)AIm^f>(a'))  =  5(n-n') 

(58) 

and  analogously  for  the  other  quadrature,  and 

(AReif)(n)Almij°\n')) 

=  ( A  Re  F )  A  Im  ' ) )  =  0.  (59) 

Thus,  for  unit-gain  teleportation  at  all  frequencies,  it  turns 
out  that  the  variance  of  each  teleported  quadrature  is  given 
by  the  variance  of  the  input  quadrature  plus  twice  the  squeez¬ 
ing  spectrum  of  the  quiet  quadrature  of  a  decoupled  mode  in 
a  “broadband  squeezed  state”  as  in  Eqs.  (43).  The  excess 
noise  in  each  teleported  quadrature  after  the  teleportation 
process  is,  relative  to  the  vacuum  noise,  twice  the  squeezing 
spectrum  |5_(fi)|^  from  Eqs.  (42). 

We  also  obtain  these  results  by  directly  defining 


ReP,„(0)  =  ReRi„(fl)+V2Re[5_(a)]ReR(,“)(fl) 


-^/2Im[5_(n)]Im#W(^), 


(54) 

ImXtei(n)  =  ImXi„(ft)->^Im[5_(a)]Rei^°)(fi) 


-V2Re[5_(a)]ImX^°)(a), 


ImP,^,(n)  =  ImPja)  +  y/2Im[S.(n)]ReP\°\n) 
+  V2Re[5_(0)]ImPf>(a). 

Their  only  nontrivial  commutators  are 


[ReX/fl),ReP/n')]  =  [Iml/ft),Im.Py(0')] 

=  (i/4)5(fl-n'),  (55) 


where  we  have  used  Eqs.  (30)  and  [R,(a),j5t(fl')]  =  5(fi 

-n').  ^ 


We  define  spectral  variances  similar  to  Eq.  (10), 


(A[Re;y,ei(n)-ReZi„(n)]A[Rel,e,(n')-ReXi„(a')]) 

(^Rs.^  )  vacuum 

-5(ft-a')Vfel^(fl).  (56) 

We  analogously  define  and 

with  ReZ— >ReP,  etc.,  throughout. 

From  Eqs.  (54),  we  obtain 


=  V^feUn(f^)  =  On)  =  RX^(11)  =  2|54a)|2, 

(57) 


(A[zL(n)-zt,(a)]A[Zt,i(n')-xjn')]) 

)  vacuum 


=5(n-f2')On). 


(60) 


We  analogously  define  Vtg,i„(f2)  withi?'-^^  throughout.  Us- 
ing  Eqs.  (52),  these  variances  become  for  r(n)=  1 


4.in(n)= Ofi)=2|5_(a)p.  (61) 


We  calculate  some  limits  for  V'^ynlH)  of  Eq.  (61),  assuming 
an  EPR  state  from  the  NOPA,  5_(fi)  =  G(n)-g(fi).  Since 

^teUn(n)=  V(ei,in(n)  and  r(fl)=  1 ,  we  can  name  the  limits 
according  to  the  criterion  of  Eq.  (12). 

Classical  teleportation,  Vtei,in(n)  =  2,  which  is  in¬ 

dependent  of  the  modulation  frequency  fl. 

Zero-bandwidth  quantum  teleportation,  fl— +0,  /f>0. 

^tei.in(n)  =  2[l -2/(r7/(/f-l-7//2)p],  and  in  the  ideal  case  of 
infinite  squeezing  /(•->  y/2;  V'tti.inin)  =  0 . 

Broadband  quantum  teleportation,  fl>0,  k>Q. 
^tei,in(n)  =  2{l  — 2/c7/[(/c-I- 7/2)^-(-n^]},  and  in  the  ideal 
case  K-^yll:  =  +  Soittumsout 

that  also  for  finite  bandwidth  ideal  quantum  teleportation  can 
be  approached  provided  fKy. 

We  can  express  Vtei,in(^)  in  terms  of  experimental  pa¬ 
rameters  relevant  to  the  NOPA.  For  this  purpose,  we  use  the 
dimensionless  quantities  from  Ref.  [15], 


2k 

y+p 


V^. 

^thres 


2jQ 

w= - 

y+p 


^  2Feav 
2  IT  r'psR 


(62) 


Here,  Ppun,p  is  the  pump  power,  P^^,  is  the  threshold  value, 
F^,,  is  the  measured  finesse  of  the  cavity,  r'psR  is  its  free 
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spectral  range,  and  the  parameter  p  describes  cavity  losses 
(see  Fig.  4).  Note  that  we  now  use  (W  as  a  normalized  modu¬ 
lation  frequency  in  contrast  to  Eq.  (45)  and  the  following 
commutators  where  it  was  the  frequency  of  the  field  opera¬ 
tors  in  the  nonrotating  frame. 

The  spectral  variances  for  the  lossless  case  (p==0)  can  be 
written  as  a  function  of  e  and  (o,  namely, 


46 


(6+l)^+<y^ 


(63) 


Now,  the  classical  limit  is  6^0  (^"^1,10= 2,  independent  of 
(o)  and  the  ideal  case  is  6—^1  [Vj^j  •j,(6,6^)  =  2(yV(4 
+  0)^)],  Obviously,  perfect  quantum  teleportation  is 
achieved  for  6— >-1  and  In  fact,  this  limit  can  also  be 

approached  for  finite  provided  co<l  or  iKy,  Note 

that  this  condition  is  not  specific  to  broadband  teleportation, 
but  is  simply  the  condition  for  broadband  squeezing,  i.e.,  for 
the  generation  of  highly  squeezed  quadratures  at  nonzero 
modulation  frequencies  fl. 

Let  us  now  assume  coherent-state  inputs  with 

(A4(ft)AXi„(fi')>  =  <APj,(n)APi„(n'))  =  1^(0  - 

a')  [<AReXi„(a)AReXi„(0'))  =  etc.],  at  all 

frequencies  in  the  relevant  bandwidth  W.  In  order  to  ob¬ 
tain  a  spectrum  of  the  fidelities  in  Eq.  (22)  with  F— ^r(fl) 
==  1 ,  we  need  the  spectrum  of  the  Q  functions  of  the  tele¬ 
ported  field  with  the  spectral  variances  crj^(fi)  =  <T^(fi)=  |- 

+  4^tei,in(^)*  obtain  the  “fidelity  spectrum” 


FIG.  5.  Fidelity  spectrum  of  coherent-state  teleportation  using 
entanglement  from  the  NOPA.  The  fidelities  here  are  functions  of 
the  normalized  modulation  frequency  ±  (o  for  different  parameter  € 
(  =  0.1,  0.2,  0.4,  0.6,  and  1). 

=  0.2),  An;-12.4  (6=0.4),  Aco^l5.2  (6=0.6),  and  Aoj 
^19,6  (6=1).  The  maximum  fidelities  at  frequency  (o  =  0 
(^“0-l)>  (6—0.2),  mzx 

*="0.84  (6=0.4),  Fjnax'^0-94  (6=0.6),  and,  of  course, 
^max=l  (^=1). 

B.  Broadband  entanglement  swapping 


F{n)= 


1 

i+|5-(n)r 


(64) 


Finally,  with  the  new  quantities  6  and  <y,  the  fidelity  spec¬ 
trum  for  quantum  teleportation  of  arbitrary  broadband  coher¬ 
ent  states  using  broadband  entanglement  from  the  NOPA 
ip—O)  is  given  by 


F{e,co)^ 


46 


{e+ 1)^+0)^ 


-1 


(65) 


For  different  e  values,  the  spectrum  of  fidelities  is  shown  in 
Fig.  5.  From  the  single-mode  protocol  (with  ideal  detectors), 
we  know  that  any  nonzero  squeezing  enables  quantum  tele¬ 
portation  and  coherent-state  inputs  can  be  teleported  with  F 
for  any  r>0.  Correspondingly,  the  fidelity  from 
Eq.  (65)  exceeds  j  for  any  nonzero  6  at  all  finite  frequencies, 
as,  provided  6>0,  there  is  no  squeezing  at  all  only  when 
^-^00.  However,  we  had  assumed  [see  after  Eqs.  (30):  FI 
<coq]  modulation  frequencies  0  much  smaller  than  the 
NOPA  center  frequency  coq.  In  fact,  for  ft— squeezing 
becomes  impossible  at  the  frequency  ft  [29].  But  also  within 
the  region  ft<^^0’  effectively,  the  squeezing  bandwith  is 
limited  and  hence  as  well  the  bandwith  of  quantum  telepor¬ 
tation  Aco=2co^^  where  F((o)^^  (<0.51)  for  all  co 
^^max  and  F((o)>j  (^0.51)  for  all  According 

to  Fig.  5,  we  could  say  that  the  “effective  teleportation  band¬ 
width”  is  just  about  ^co^5,S  (6=0.1),  A 6;*=" 8.6  (6 


As  discussed  in  Sec.  El,  we  particularly  want  our  telepor¬ 
tation  device  to  be  capable  of  teleporting  entanglement.  We 
will  present  now  the  broadband  theory  of  this  entanglement 
swapping  for  continuous  variables,  as  it  was  proposed  in  Ref. 
[20]  for  single  modes.  Before  any  detections  (see  Fig.  3), 
Alice  (mode  1)  and  Claire  (mode  2)  share  the  broadband 
two-mode  squeezed  state  from  Eqs.  (44),  whereas  Claire 
(mode  3)  and  Bob  (mode  4)  share  the  corresponding  en¬ 
tangled  state  of  modes  3  and  4  given  by 


Z3(0)= 


Ps{Ci)=^s.ia)pf\n)+  (n), 


(66) 


Let  us  interpret  the  entanglement  swapping  here  as  quantum 
teleportation  of  mode  2  to  mode  4  using  the  entanglement  of 
modes  3  and  4.  This  means  we  want  Bob  to  perform  “dis¬ 
placements”  based  on  the  classical  results  of  Claire’s  Bell 


p^{Ci)=-j=s-{n)p^^ 

V2 
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detection,  i.e.,  the  classical  determination  of 

=[X2(n)  -  ^3(^)]/^/2,-^„(^l)  =  [P2(n)  +P3(n)]/V2. 

These  final  “displacements”  (amplitude  and  phase  modula¬ 
tions)  of  mode  4  are  crucial  in  order  to  reveal  the  entangle¬ 
ment  from  entanglement  swapping  and,  for  verification,  to 
finally  exploit  it  in  a  second  round  of  quantum  teleportation 
using  the  previously  unentangled  modes  1  and  4  [20].  The 
entire  teleportation  process  with  arbitrary  gain  r(n)  that  led 
to  Eqs.  (53),  yields  now,  for  the  teleportation  of  mode  2  to 
mode  4,  the  teleported  mode  4'  [where  in  Eqs.  (53)  simply 
x,ei(ft)--x;(fi),  Ptei(f^)-^p;(fi),  Xi„(n)^X2(n), 

(fi). 

Pf\a)-^P{°\[i),  and  r(a) 

~^r'swap(^)]> 

(67) 

p;(0)  =  is.{a)Pf\ci)  - 

V2 


Provided  entanglement  swapping  is  successful,  Alice  and 
Bob  can  use  their  modes  1  and  4'  for  a  further  quantum 
teleportation.  Assuming  unit  gain  in  this  “second  teleporta¬ 
tion,”  where  the  unknown  input  state  ^{^(n),  is  to 

be  teleported,  the  teleported  field  becomes 


x.ei(a)=Xi„(a)+  ^ 

r  swap(^^)  +  1 


^^swap(^)  —  1 

w~ 

rswap(i^)+l 

V2 


PU^)= Pi„(a) + 

V2 

+  (68) 

We  calculate  a  fidelity  spectrum  for  coherent-state  inputs  and 
obtain 


F(a)={i+[r,,,p(fi)-i]2i5+(a)p/2 

+  [rswap(fi)+l]'|5-(n)P/2}-*.  (69) 

The  optimum  gain,  depending  on  the  amount  of  squeezing, 
that  maximizes  this  fidelity  [20]  at  different  frequencies  turns 
out  to  be 


|5^(a)|^-|5-(ri)p 

|5+(a)|2+|5_(n)|2‘ 


(70) 


Let  us  now  assume  that  the  broadband  entanglement  comes 
from  the  NOPA  (two  NOPA’s  with  equal  squeezing  spectra), 
|5_(ft)P^|S_(e,<u)|2  =  l-4e/[(6+l)2  +  ^u2],  |5+(a)|2 
—>\S+{e,a))\^=  1  +4e/[(e— 1)^+  co^].  The  optimized  fidel- 
ity  then  becomes 


^Opt(  ^) 


,  [{e+lf+to^Jie-lf+ai^]  \  * 

[(6+  1)^+  ft;^]^  +  [(6~  1)^+  ^^]^] 

(71) 


The  spectrum  of  these  optimized  fidelities  is  shown  in  Fig.  6 
for  different  e  values.  Again,  we  know  from  the  single-mode 
protocol  [20]  with  ideal  detectors  that  any  nonzero  squeezing 
in  both  initial  entanglement  sources  is  sufficient  for  entangle¬ 
ment  swapping  to  occur.  In  this  case,  mode  1  and  4 '  enable 
quantum  teleportation  and  coherent-state  inputs  can  be  tele¬ 
ported  with  F  =  Fav>i-  The  fidelity  from  Eq.  (71)  is  j  for 
€=0  and  becomes  F’opt(  6,  ty) >  |;  for  any  6>0,  provided  that 
0)  does  not  become  infinite  (however,  we  had  assumed  ft 
<(0(^).  In  this  sense,  the  squeezing  or  entanglement  band¬ 
width  is  preserved  through  entanglement  swapping.  At  each 
frequency  where  the  initial  states  were  squeezed  and  en¬ 
tangled,  also  the  output  state  of  modes  1  and  4 '  is  entangled, 
but  with  less  squeezing  and  worse  quality  of  entanglement 
(unless  we  had  infinite  squeezing  in  the  initial  states  so  that 
the  entanglement  is  perfectly  teleported)  [32].  Correspond¬ 
ingly,  at  frequencies  with  initially  very  small  entanglement, 
the  entanglement  becomes  even  smaller  after  entanglement 
swapping  (but  never  vanishes  completely).  Thus,  the  effec¬ 
tive  bandwidth  of  squeezing  or  entanglement  decreases 
through  entanglement  swapping.  Then,  compared  to  the  tele¬ 
portation  bandwidth  using  broadband  two-mode  squeezed 
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FIG.  6.  Fidelity  spectrum  of  coherent-state  teleportation  using 
the  output  of  entanglement  swapping  with  two  equally  squeezed 
(entangled)  NOPA’s.  The  fidelities  here  are  functions  of  the  nor¬ 
malized  modulation  frequency  ±ct)  for  different  parameter  € 

(  =  0.1,  0.2,  0.4,  0.6,  and  1). 

states  without  entanglement  swapping,  the  bandwidth  of  tele¬ 
portation  using  the  output  of  entanglement  swapping  is  ef¬ 
fectively  smaller.  The  spectrum  of  the  fidelities  from  Eq. 
(71)  is  narrower  and  the  “effective  teleportation  bandwidth” 
is  now  about  Lco^l.l  (6=0.1),  A<w’=«2.6  (6=0.2),  Aa; 
«4.2  (6=0.4),  Lo)^52  (6=0.6),  and  A<i;«=*6.8  (6=1). 
The  maximum  fidelities  at  frequency  o)=Q  are 
-0.52  (6=0.1),  F^ax-0-57  (f=0.2),  F^ax-0.74  (6 

=  0.4),  F^ax"“ 0-89  (6=0.6),  and,  still,  F^ax=l  (^=1)* 

VI.  CAVITY  LOSSES  AND  BELL  DETECTOR 
INEFFICIENCIES 


The  last  two  terms  in  each  quadrature  in  Eqs.  (72)  represent 
additional  vacua  due  to  homodyne  detection  inefficiencies 
(the  detector  amplitude  efficiency  77  is  assumed  to  be  con¬ 
stant  over  the  bandwidth  of  interest).  Using  Eqs.  (72)  it  is 
useful  to  write  the  quadratures  of  NOPA  mode  2  correspond¬ 
ing  to  Eq.  (27)  as 


X2(0)=;ei„(a)-[G(ii)-g(fi)][;ew(n)-xf(n)] 

V 

(73) 

P2(fi)=Fi„(fi)+[G(a)-g(a)][pi°>(n)+pf(fi)] 


+ 


n/2. 

V 


where  now  [15] 


,2 , 1  T'-p  ,  .^'l/r+P  . 


G(fl)=- 


/c^4*  I  - f“  /fl 


\  2 


n 


r+F 


—  ifl  — 


We  extend  the  previous  calculations  and  include  losses 
for  the  particular  case  of  the  NOPA  cavity  and  inefficiencies 
in  Alice’s  Bell  detection.  For  this  purpose,  we  use  Eq.  (27) 
for  the  outgoing  NOPA  modes.  We  consider  losses  and  in¬ 
efficiencies  for  unit-gain  teleportation  (teleportation  of 
Gaussian  states  with  a  coherent  amplitude).  For  the  case  of 
entanglement  swapping  (nonunit-gain  teleportation),  detector 
inefficiencies  have  been  included  in  the  single-mode  treat¬ 
ment  of  Ref.  [20].  By  superimposing  the  unknown  input 
mode  with  the  NOPA  mode  1 ,  the  relevant  quadratures  from 
Eqs.  (48)  now  become 


gm= 


K 


1 


still  with  G(fl)  =  G*(-fl),  g(n)  =  ^*(“'n),  and  also 
G(n)  =  G*(“~fl),  g(II)  =  g*(”n).  The  quadratures 
XgJCfl)  and  are  those  of  the  vacuum  modes 

in  Eq.  (27)  according  to  Eqs.  (30). 

Again,  Yy(fl)  and  Fy(n)  in  Eqs.  (73)  can  be  considered 
as  classically  determined  quantities  X„(fi)  and  Fy(ft)  due 
to  Alice’s  measurements.  The  appropriate  amplitude  and 
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phase  modulations  of  mode  2  by  Bob  depending  on  the  clas¬ 
sical  results  of  Alice’s  detections  are  described  by 

V2 

YjCH)  =X2(n) -I- r(fi)  — x„(a), 

V 

(75) 

v/2 

V 

For  r(fl)  =  l,  the  teleported  quadratures  become 

=^in(n)  -  [G(n)  )][xf  )(fi)  -zf  )(n)] 

-[G(a)-f(a)][xW(fi)-4°>(n)] 

^7]  ^7]^ 

= pjfi) + [G(a)  -g(a)][pf  )(n) + Pfim 

+[G(a)-j(fi)][pW(a)+pW(n)] 

+  J^--^P^f\^)+  \h^P^c\^)'  (76) 

^  V  ^  V 


FIG.  7.  Fidelity  spectrum  of  coherent- state  teleportation  using 
entanglement  from  the  NOPA.  The  fidelities  here  are  functions  of 
the  normalized  modulation  frequency  ±  co  for  different  parameter  e 
(  =  0.1,  0.2,  0.4,  0.6,  and  1).  Bell  detector  efficiencies  7;^  =  0.97 
and  cavity  losses  with  /3=0.9  have  been  included  here. 

The  amount  of  squeezing  at  these  frequencies  was  about  3 
dB.  The  spectrum  of  the  fidelities  from  Eq.  (78)  is  shown  in 
Fig.  7  for  different  e  values. 


We  calculate  again  spectral  variances  and  obtain  with  the 
dimensionless  variables  of  Eqs.  (62) 


4e0 


(e+  l)^-t- 


-h2 


1-272 


(77) 


where  /3-  y/{y+  p)  is  a  “cavity  escape  efficiency”  which 
contains  losses  [15].  With  the  spectral  ^-function  variances 

of  the  teleported  field  cr^fH)  =  o-^ffi)  =  i  +  i  V^i,i„(fl),  now 
for  coherent-state  inputs,  we  find  the  fidelity  spectrum  (unit 
gain) 


F{e,  (o)  = 


46/3  1-772 

(€+l)2-|-a)2  772 


(78) 


Using  the  values  e=0.77,  w=0.56,  and  /3=0.9,  the  mea¬ 
sured  values  in  the  EPR  experiment  of  Ref.  [15]  for  maxi¬ 
mum  pump  power  (but  still  below  threshold),  and  a  Bell 
detector  efficiency  772=0.97  (as  in  the  teleportation  experi¬ 
ment  of  Ref,  [12]),  we  obtain  Uf„  i„=y^,i„= 0.453  and  a 
fidelity  F  =  0.815.  The  measured  value  for  the  “normalized 
analysis  frequency”  w=0.56  corresponds  to  the  measured 
finesse  Feav=  180,  the  free  spectral  range  r'FSR=790MHz 
and  the  spectrum  analyzer  frequency  ft/2  77-=  1.1  MHz  [15]. 

In  the  teleportation  experiment  of  Ref.  [12],  the  teleported 
states  described  fields  at  modulation  frequency  ft/277- 
=  2.9  MHz  within  a  bandwidth  ±  Aft/2 77=  30  kHz.  Due  to 
technical  noise  at  low  modulation  frequencies,  the  nonclas- 
sical  fidelity  was  achieved  at  these  higher  frequencies  ft. 


Vn.  SUMMARY  AND  CONCLUSIONS 

We  have  presented  the  broadband  theory  for  quantum 
teleportation  using  squeezed-state  entanglement.  Our  scheme 
allows  the  broadband  transmission  of  nonorthogonal  quan¬ 
tum  states.  We  have  discussed  various  criteria  determining 
the  boundary  between  classical  teleportation  (i.e.,  measuring 
the  state  to  be  transmitted  as  well  as  quantum  theory  permits 
and  classically  conveying  the  results)  and  quantum  telepor¬ 
tation  (i.e.,  using  entanglement  for  the  state  transfer).  De¬ 
pending  on  the  set  of  input  states,  different  criteria  can  be 
applied  that  are  best  met  with  the  optimum  gain  used  by  Bob 
for  the  phase-space  displacements  of  his  EPR  beam.  Given 
an  alphabet  of  arbitrary  Gaussian  states  with  unknown  coher¬ 
ent  amplitudes,  on  average,  the  optimum  teleportation  fidel¬ 
ity  is  attained  with  unit  gain  at  all  relevant  frequencies.  Op¬ 
timal  teleportation  of  an  entangled  state  (entanglement 
swapping)  requires  a  squeezing-dependent,  and  hence 
frequency-dependent,  nonunit  gain.  Effectively,  also  with 
optimum  gain,  the  bandwidth  of  entanglement  becomes 
smaller  after  entanglement  swapping  compared  to  the  band¬ 
width  of  entanglement  of  the  initial  states,  as  the  quality  of 
the  entanglement  deteriorates  at  each  frequency  for  finite 
squeezing. 

In  the  particular  case  of  the  NOPA  as  the  entanglement 
source,  the  best  quantum  teleportation  occurs  in  the  fre¬ 
quency  regime  close  to  the  center  frequency  (half  the  NO¬ 
PA’ s  pump  frequency).  In  general,  a  suitable  EPR  source  for 
broadband  teleportation  can  be  obtained  by  combining  two 
independent  broadband  squeezed  states  at  a  beam  splitter 
(actually,  even  one  squeezed  state  split  at  a  beam  splitter  is 
sufficient  to  create  entanglement  for  quantum  teleportation 
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[33,20]).  Provided  ideal  Bell  detection,  unit-gain  teleporta¬ 
tion  will  then  in  general  produce  an  excess  noise  in  each 
teleported  quadrature  of  twice  the  squeezing  spectrum  of  the 
quiet  quadrature  in  the  corresponding  broadband  squeezed 
state  (for  the  NOPA,  cavity  loss  appears  in  the  squeezing 
spectrum).  Thus,  good  broadband  teleportation  requires  good 
broadband  squeezing.  However,  the  entariglement  source’s 
squeezing  spectrum  for  its  quiet  quadrature  need  not  be  a 
minimum  near  the  center  frequency  (ft  =  0)  as  for  the  opti¬ 
cal  parametric  oscillator.  In  general,  it  might  have  large  ex¬ 
cess  noise  there  and  be  quiet  at  as  for  four-wave  mix¬ 
ing  in  a  cavity  [31].  The  spectral  range  to  be  teleported  AH 
always  should  be  in  the  “quiet  region”  of  the  squeezing 
spectrum. 

The  scheme  presented  here  allows  very  efficient  telepor¬ 
tation  of  broadband  quantum  states:  the  quantum  state  at  the 
input  (a  coherent,  a  squeezed,  an  entangled  or  any  other 
state),  describing  the  input  field  at  modulation  frequency  fi 
within  a  bandwidth  Aft,  is  teleported  on  each  and  every  trial 
(where  the  duration  of  a  single  trial  is  given  by  the  inverse- 
bandwidth  time  1/Aft).  Every  inverse-bandwidth  time,  a 
quantum  state  is  teleported  with  nonclassical  fidelity  or  pre¬ 
viously  unentangled  fields  become  entangled.  Also  the  out¬ 
put  of  entanglement  swapping  can  therefore  be  used  for  ef¬ 
ficient  quantum  teleportation,  succeeding  every  inverse- 
bandwidth  time. 

In  contrast,  the  discrete-variable  schemes  involving  weak 
down  conversion  enable  only  relatively  rare  transfers  of 
quantum  states.  For  the  experiment  of  Ref.  [5],  a  fourfold 
coincidence  (i.e.,  “successful”  teleportation  [7])  at  a  rate  of 


1/40  Hz  and  a  UV  pulse  rate  of  80  MHz  [34]  yield  an  overall 
efficiency  of  3  X  10“^®  (events  per  pulse).  Note  that  due  to 
filtering  and  collection  difficulties  the  photodetectors  in  this 
experiment  operated  with  an  effective  efficiency  of  10% 
[34]. 

The  theory  presented  in  this  paper  applies  to  the  experi¬ 
ment  of  Ref.  [12]  where  coherent  states  were  teleported  us¬ 
ing  the  entanglement  built  from  two  squeezed  fields  gener¬ 
ated  via  degenerate  down  conversion.  The  experimentally 
determined  fidelity  in  this  experiment  was  F  =  0.58±0.02 
(this  fidelity  was  achieved  at  higher  frequencies  ft  ?^0  due  to 
technical  noise  at  low  modulation  frequencies)  which  proved 
the  quantum  nature  of  the  teleportation  process  by  exceeding 
the  classical  limit  Our  analysis  was  also  intended  to 

provide  the  theoretical  foundation  for  the  teleportation  of 
quantum  states  that  are  more  nonclassical  than  coherent 
states,  e.g.,  squeezed  states  or,  in  particular,  entangled  states 
(two-mode  squeezed  states).  This  is  yet  to  be  realized  in  the 
laboratory. 
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Fidelity  Fdasdtcai  =  j  has  been  established  as  setting  the  boundary  between  classical  cind  quantum 
domains  in  the  teleportation  of  coherent  states  of  the  electromagnetic  field  (S.  L.  Braitnstein,  C.  A. 

Fuchs,  and  H.  J.  Kimble,  J.  Mod.  Opt.  47,  267  (2000)).  Two  recent  papers  by  P.  Grangier  ajid  F, 
Grosshans  (quant-ph/0009079  and  quant -ph/00 10 107)  introduce  alternate  criteria  for  setting  this 
boundary  and  a.s  a  result  claim  that  the  appropriate  boundary  should  be  F  =  |.  Although  larger 
fidelities  would  lead  to  enhanced  teleportation  capabilities,  we  show  that  the  new  conditions  of 
Grangier  and  Grosshans  are  largely  unrelated  to  the  questions  of  entanglement  and  Bell-irrequaliby 
violations  that  they  bake  to  be  their  primary  concern.  With  regard  to  the  quantum- classical  bound¬ 
ary,  we  demonstrate  that  fidelity  Fdas steal  =  j  remains  the  appropriate  point  of  demarcation.  The 
claims  of  Grangier  and  Gi'osshans  to  the  contrary  are  simply  wrong,  as  we  show  by  an  analysis  of  the 
conditions  for  nonseparability  (that  complements  om*  earlier  treatment)  and  by  explicit  examples  of 
Bell- inequality  violations. 


L  INTRODUCTION 

As  proposed  by  Bennett  et  al.  [1],  the  protocol  for 
achieving  quantum  teleportation  is  the  following.  Alice 
is  to  transfer  an  unknown  quantum  state  |^-)  to  Bob,  us¬ 
ing  as  the  sole  resources  some  previously  shared  quantum 
entanglement  and  a  classical  channel  capable  of  commu¬ 
nicating  measurement  results.  Physical  trcinsport  of  \il)) 
from  Alice  to  Bob  is  excluded  at  the  outset.  Ideal  tele¬ 
portation  occurs  when  the  state  enters  Alice’s  send¬ 
ing  station  and  the  same  state  |'0)  emerges  from  Bob’s 
receiving  station. 

Of  course,  in  actual  experiments  [2-5],  the  ideal  case 
is  unattainable  as  a  matter  of  principle.  The  question 
of  operational  criteria  for  gauging  success  in  an  experi¬ 
mental  setting,  therefore,  cannot  be  avoided.  We  have 
proposed  previously  that  a  minimal  set  of  conditions  for 
claiming  success  in  the  laboratory  are  the  following  [6]. 

1.  An  unknown  quantum  state  (supplied  by  a  third 
party  Victor)  is  input  physically  into  Alice’s  station 
from  an  outside  source. 

2.  The  ‘‘recreation”  of  this  quantum  state  emerges 
from  Bob’s  receiving  terminal  available  for  Victor’s 
independent  examination. 

3.  There  should  be  a  quantitative  measure  for  the 
quality  of  the  teleportation  and  based  upon  this 
measure,  it  should  be  clear  that  shared  entangle¬ 
ment  enables  the  output  state  to  be  “closer’’  to  the 


input  state  than  could  have  been  achieved  if  Al¬ 
ice  and  Bob  had  utilized  a  classical  communication 
channel  alone. 

In  Ref.  [6],  it  was  shown  that  the  fidelity  F  between 
input  and  output  states  is  an  appropriate  measure  of  the 
degree  of  similarity  in  Criterion  3.  For  an  input  state 
I'fjin)  and  output  state  described  by  the  density  operator 
pout,  the  fidelity  is  given  by  [7] 

F  —  {'4Hn\Pout\'4^in)  •  (1) 

To  date  only  the  experiment  of  Purusawa  et  al.  [4]  has 
achieved  unconditional  experimental  teleportation  as  de¬ 
fined  by  the  three  criteria  above  [6,8,9].  This  experiment 
was  carried  out  in  the  setting  of  continuous  quantum  vari¬ 
ables  with  input  states  consisting  of  coherent  states 
of  the  electromagnetic  field,  with  an  observed  fidelity 
■^exp  =  0.58  ±  0.02  having  been  attained.  This  bench¬ 
mark  is  significant  because  it  can  be  demonstrated  [4,6] 
that  quantum  entanglement  is  the  critical  ingredient  in 
achieving  an  average  fidelity  greater  than  Fdassicai  ==  k 
when  the  input  is  an  absolutely  random  coherent  state 
[10]. 

Against  this  backdrop,  Grangier  and  Grosshans  [11,12] 
have  recently  suggested  that  the  appropriate  boundary 
between  the  classical  and  quantum  domains  in  the  tele¬ 
portation  of  coherent  states  should  be  a  fidelity  F"  =  §. 
Their  principal  concern  is  the  distinction  between  “en¬ 
tanglement”  and  “non-separability,”  where  by  the  lat¬ 
ter  term,  they  mean  “the  physical  properties  associated 
with  non-locality  and  the  violation  of  Bell’s  inequalities 


1 


(B [).'’*  They  claim  that  “clue  to  imperfect  transmissions, 
...  it  becomes  possible  to  violate  the  ciassical  boundary 
(i.e.,  F  =  of  teleportation  without  any  violation  of 
BL’'  [11]  However,  rather  than  addressing  the  issue  in 
a  direct  manner,  they  then  propose  the  violation  of  a 
certain  “Heisenberg-type  inequality  (HI)”  as  “a  more  ef¬ 
fective  “  and  in  some  sense  hiecessary’  -  way  to  char¬ 
acterize  shared  entanglement.”  It  is  this  that  leads  to 
their  condition  F  >  g  a-s  being  necessary  for  the  dec¬ 
laration  of  successful  teleportation.  In  support  of  this 
threshold,  they  further  relate  their  criterion  based  on  the 
HI  to  ones  previously  introduced  in  the  quantum  nonde- 
nioiition  measurement  (QND)  literature.  Finally,  in  Ref. 
[12],  Graiigier  and  Grosshans  find  that  F  >  |  is  also  re- 
cjuired  by  a  criterion  they  introduce  having  to  do  with  a 
certain  notion  of  reliable  “information  exchange”  [12]. 

The  purpose  of  the  present  paper  is  to  demonstrate 
that  the  conclusions  of  Grangier  and  Grosshans  concern¬ 
ing  the  proposed  quantum-classical  boundary  F  =  I  "e 
unwarranted  and,  by  explicit  counter  example,  incorrect. 
Our  approach  will  be  to  investigate  questions  of  nonsep- 
a.rability  and  violations  of  Bell  inequalities  for  the  partic- 
ulcir  entangled  state  employed  in  the  teleportation  pro¬ 
tocol  of  Ref.  [13].  Of  significant  interest  will  be  the  case 
with  losses,  so  that  the  relevant  quantum  states  will  be 
mixed  quantum  states.  Our  analysis  supports  the  follow¬ 
ing  conclusions. 

1.  Although  the  argument  of  Grangier  and  Grosshans 
is  claimed  to  be  based  upon  “EPR  non-separability 
of  the  entanglement  resource”  [12]  [by  which  they 
mean  a  potential  violation  of  a  BI],  they  offer  no 
quantitative  connection  constructive  proof  or 
otherwise)  between  the  criteria  they  introduce  (in¬ 
cluding  the  threshold  F  =  |)  [11,12]  and  the  a.ctual 
violation  of  any  Bell  inequality.  Nothing  in  their 
analysis  provides  a  warranty  that  F  >  |  would 
preclude  a  description  in  terms  of  a  local  hidden- 
variables  theory.  They  offer  only  the  suggestion 
that  “F  >  I  would  be  much  safer”  [11]. 

2.  By  application  of  the  work  of  Duan  et  al  [14],  Si¬ 
mon  [15],  and  Tan  [16],  we  investigate  the  ques¬ 
tion  of  entanglement.  VVe  show  that  the  sta.tes  em¬ 
ployed  in  the  experiment  of  Ref.  [4]  are  nonsepa- 
ra.blc,  as  was  operationally  confirmed  in  the  exper¬ 
iment.  Moreover,  we  study  the  issue  of  nonsepa- 


*Since  the  term.s  “entcUiglemeiit”  and  “nonsepaxability”  ai'e 
used  interchangeably  in  the  quc^ntum  information  community, 
we  will  treat  them  as  synonyms  to  eliminate  further  confu¬ 
sion.  We  win  refer  to  violations  of  Bell's  inequalities  explicitly 
whenever  a  distinction  must  be  made  between  entanglement 
and  local  recdism  per  se.  The  only  e.xceptions  will  be  when 
we  quote  directly  from  Grangier  and  Grosshans  [11,12]. 


rability  for  mixed  states  over  a  broad  range  iu  the 
degree  of  squeezing  for  the  initial  EPR  state,  in  the 
overall  system  loss,  and  in  the  presence  of  thermal 
noise.  This  analysis  reveals  that  EPP^  mixed  states 
that  are  iionseparable  do  indeed  lead  to  a  fidelity  of 
•F  >  FciassiccU  =  \  for  the  teleportation  of  coherent 
states.  Hence,  in  keeping  with  Criterion  3  above, 
the  threshold  fidelity  for  employing  entanglement 
as  a  quantum  resource  is  precisely  the  same  as  was 
deduced  in  the  previous  analysis  of  Ref.  [6].  Within 
the  setting  of  Quantum  Optics,  this  threshold  coin¬ 
cides  with  the  standard  benchmark  for  manifestly 
quantum  or  nonclassical  behavior,  namely  that  the- 
Glauber-Sudarshan  phase-space  function  becomes 
nonpositive-definite,  here  for  any  bipartite  nonsep- 
arable  state  [17].  By  contrast,  the  value  F  =  | 
championed  by  Grangier  and  Grosshans  is  essen¬ 
tially  unrelated  to  the  threshold  for  entanglement 
(noriseparability)  in  the  teleportation  protocol,  as 
well  as  to  the  boundary  for  the  nonclassical  char¬ 
acter  of  the  EPR  state. 

3.  By  application  of  the  work  of  Banaszek  and  Wod- 
kiewicz  [18,19],  we  explore  the  po.ssibility  of  vio¬ 
lations  of  Bell  inequalities  for  the  EPR  (mixed) 
states  employed  in  the  teleportation  of  continuous 
quantum- variables  states.  We  find  direct  violations 
of  a  CHSH  inequality  [20]  over  a  large  domain. 
Significant  relative  to  the  claims  of  Grangier  and 
Grosshans  is  a  regime  both  of  entanglement  (non- 
separability)  and  of  violation  of  a  CHSH  inequal¬ 
ity  for  which  the  teleportation  fidelity  F  <  §  and 
for  which  the  criterion  of  the  Heisenberg  inequal¬ 
ities  of  Ref.  [11]  fails.  Hence,  teleportation  with 
4  <  F  <  I  is  possible  with  EPR  (mixed)  states 
which  do  not  admit  a  local  hidden  variables  descrip¬ 
tion.  In  contradistinction  to  the  claim  of  Grangier 
and  Grosshans,  F  >  |  does  not  provide  a  relevant 
criterion  for  delineating  the  quantum  and  classical 
domains  with  respect  to  violations  of  Bell’s  inequal¬ 
ities. 

4.  By  cidopting  a  protocol  analogous  to  that  employed 
in  all  previous  experimental  demonstrations  of  vi¬ 
olations  of  Bell’s  inequalities  [21-23],  scaled  corre¬ 
lation  functions  can  be  introduced  for  continuous 
quantum  variables.  In  terms  of  these  scaled  corre¬ 
lations,  the  EPR  mixed  state  used  for  teleportation 
violates  a  generalized  version  of  the  CHSH  inequal- 
ity,  though  non-ideal  detector  efficiencies  require  a 
“fair  sampling”  assumption  for  this.  These  viola¬ 
tions  set  in  for  F  >  ^  and  have  recently  been  ob¬ 
served  in  a  setting  of  low  detection  efficiency  [24]. 
This  experimental  verification  of  a  violation  of  a 
CHSH  inequality  (with  a  fair  sampling  assiimp- 
tion)  again  refutes  the  purported  significance  of 
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the  threshold  F  =  |  promoted  by  Grangier  and 
Grosshans. 

Overall,  we  find  no  support  for  the  claims  of  Grangier 
and  Grosshans  giving  special  significance  to  the  thresh¬ 
old  fidelity  F  —  ^  in  connection  to  issues  of  separability 
and  Bell-inequality  violations.  Instead,  as  we  will  show, 
it  is  actually  the  value  Fda&sicai  =  5  that  heralds  en¬ 
trance  into  the  quantum  domain  with  respect  to  the  very 
same  issues.  Their  claims  based  upon  a  Heisenberg-type 
inequality  and  a  criterion  for  “information  exchange”  are 
essentially  unrelated  to  the  issue  of  a  quantum-classical 
boundary. 

All  this  is  not  to  say  that  teleportation  of  coher¬ 
ent  states  with  increasing  degrees  of  fidelity  beyond 
^classical  =  4  to  F  >  |  is  iiot  without  significance.  In 
fact,  as  tasks  of  ever  increasing  complexity  are  to  be  ac¬ 
complished,  there  will  be  corresponding  requirements  to 
improve  the  fidelity  of  teleportation  yet  further.  More¬ 
over,  there  are  clearly  diverse  quantum  states  other  than 
coherent  states  that  one  might  desire  to  teleport,  includ¬ 
ing  squeezed  states,  quantum  superpositions,  entangled 
states  [16],  and  so  on.  The  connection  between  the  “in¬ 
tricacy  of  such  states  and  the  requisite  resources  for 
achieving  high  fidelity  teleportation  has  been  discussed 
in  Ref.  [13],  including  the  example  of  the  {superposition 
of  two  coherent  states, 

k)  +  I  -  a)  ,  (2) 

which  for  \a\  1  requires  an  EPR  state  with  an  extreme 

degree  of  quantum  correlation. 

Similiarly,  Heisenberg- type  inequalities  are  in  fact 
quite  important  for  the  inference  of  the  properties  of 
a  system  given  the  outcomes  of  measurements  made 
on  a  meter  following  a  system-meter  interaction.  Such 
quantities  are  gainfully  employed  in  Quantum  Optics  in 
many  settings,  iricludirig  realizations  of  the  original  EPR 
gedanken  experiment  [25-27]  and  of  back-action  evad¬ 
ing  measurement  and  quantum  non-demolition  detection 
[28]. 

Our  only  point  is  that  the  claim  of  Grangier  and 
Grosshans  that  F  =  |  is  required  for  the  “successful 
quantum  teleportation  of  a  coherent  state”  [12]  is  incor¬ 
rect.  They  simply  offer  no  quantitative  analysis  directly 
relevant  to  either  entanglement  or  Be II- inequality  viola¬ 
tion  issues.  In  contrast,  the  prior  treatment  of  Ref.  [6] 
demonstrates  that  in  the  absence  of  shared  entanglement 
between  Alice  and  Bob,  there  is  an  upper  limit  for  the  fi¬ 
delity  for  the  teleportation  of  randomly  chosen  coherent 
states  given  by  F^ias steal  =  Nothing  in  the  work  of 
Grangier  and  Grosshans  calls  this  analysis  into  question. 

This,  however,  leads  to  something  we  would  like  to 
stress  apart  from  the  details  of  any  particular  teleporta¬ 
tion  criterion.  There  appears  to  be  a  growing  confusion  in 
the  community  that  equates  quantum  teleportation  ex¬ 
periments  with  fundamental  tests  of  quantum  mechanics. 


The  purpose  of  such  tests  is  generally  to  compare  quan¬ 
tum  mechanics  to  other  potential  theories,  such  as  lo¬ 
cally  realistic  hidden- variable  theories  [11,29,30].  In  our 
view,  experiments  in  teleportation  have  nothing  to  do 
with  this.  They  instead  represent  investigations  within 
quantum  mechanics,  demonstrating  only  that  a  particu¬ 
lar  task  can  be  accomplished  with  the  revsource  of  quan¬ 
tum  entanglement  and  cannot  be  accomplished  without 
it.  This  means  that  violations  of  Bell’s  inequalities  are 
largely  irrelevant  as  far  as  the  original  proposal  of  Ben¬ 
nett  et  ai  [1]  is  concerned,  as  well  as  for  experimental 
implementations  of  that  protocol.  In  a  theory  which  al¬ 
lows  states  to  be  cloned,  there  would  be  no  need  to  dis¬ 
cuss  teleportation  at  all  -  unknown  states  could  be  cloned 
and  transmitted  with  fidelity  arbitrarily  close  to  one. 

These  comments  notwithstanding,  Grangier  and 
Grosshans  did  nevertheless  attempt  to  link  the  idea  of 
Bell-inequality  violations  with  the  fidelity  of  teleporta¬ 
tion.  It  is  to  the  details  of  that  linkage  that  we  now 
turn.  The  remainder  of  the  paper  is  organized  as  follows. 
In  Section  II,  we  extend  the  prior  work  of  Ref.  [6]  to  a 
direct  treatment  of  the  consequences  of  shared  entangle¬ 
ment  between  Alice  and  Bob,  beginning  with  an  explicit 
model  for  the  mixed  EPR  states  used  for  teleportation  of 
continuous  quantum  variables.  In  Section  III  we  review 
the  criteria  Grangier  and  Grosshans  introduced  in  prepa¬ 
ration  for  showing  their  inappropriateness  as  tools  for  the 
questions  at  hand.  In  Section  IV,  we  demonstrate  explic¬ 
itly  the  relationship  between  entanglement  and  fidelity, 
and  find  the  same  threshold  FcUissicat  =  |  as  in  our  prior 
analysis  [6].  The  value  F  =  |  is  shown  to  have  no  partic¬ 
ular  distinction  in  this  context.  In  Sections  V  and  VI,  we 
further  explore  the  role  of  entanglement  with  regard  to 
violations  of  a  CHSH  inequality  and  provide  a  quantita¬ 
tive  boundary  for  such  violations.  Again,  F^iassioai  =  k 
appears  as  the  point  of  entry  into  the  quantum  domain, 
with  the  point  |  having  no  particular  distinction. 
Our  conclusions  are  collected  in  Section  VII.  Of  partic¬ 
ular  significance,  we  point  out  that  the  teleportation  ex¬ 
periment  of  Ref.  [4]  did  indeed  cross  from  the  cla.ssical  to 
the  quantum  domain,  just  as  advertised  previously. 

11.  THE  EPR  STATE 

The  teleportation  protocol  we  consider  is  that  of 
Braunstein  and  Kimble  [13],  for  which  the  relevant  en¬ 
tangled  state  is  the  so-called  two-mode  squeezed  state. 
This  state  is  given  explicitly  in  terms  of  a  Fock-state  ex¬ 
pansion  for  two-modes  (1,  2)  by  [31,32] 

I  ^ 

.  (3) 

n=0 

where  r  measures  the  amount  of  squeezing  required  to 
produce  the  entangled  state.  Note  that  for  simplicity  we 


consider  the  case  of  two  single  modes  for  the  electromag¬ 
netic  field;  the  extension  to  the  multimode  case  for  fields 
of  finite  bandwidth  can  be  found  in  Ref.  [33]. 

Ihe  pure  state  of  Eq.  (3)  can  be  equivalently  de.scribed 
by  the  corresponding  Wigner  distribution  M4;pr  over  the 
two  modes  (1,2), 

W''’epr(ki,Pi;  a.'2,P2) 

4  1  / 

=  ^-'^P  (  -  [(•'"1  +  ^-2)^  +  (Pi 

-[(«!  -  2^2)^  +  (Pl  +  P2)^]/  cri)  , 

wliere  cr±  are  expressed  in  terms  of  the  squeezing  pararn- 
eter  by 


with  cr“^(TZ_  —  1.  Here,  the  canonical  variables  [x^^pj] 
are  related  to  the  complex  field  amplitude  a,-  for  mode 
■j  =  (1, 2)  by 

aj  =  Xj  +  ipj.  (6) 

In  the  limit  of  r  -¥  oo,  Eq.  (4)  becomes 

CS{xi  -  X2)  5{pi  +  P2)  (7) 

which  makes  a  connection  to  the  original  EPR  state  of 
Einstein,  Podolsky,  and  Rosen  [25], 

Of  course,  IEepr  as  given  above  is  for  the  ideal,  lossless 
case.  Of  particular  interest  with  respect  to  experiments 
is  the  inclusion  of  losses,  as  arise  from,  for  example,  finite 
propagation  and  detection  efficiencies.  Rather  than  deal 
with  any  detailed  .setup  (e.g.,  as  treated  in  explicit  detail 
in  Ref.  [26])  here  we  adopt  a  generic  model  of  the  fol¬ 
lowing  form.  Consider  two  identical  beam  splitters  each 
with  a  transmi.ssion  coefficient  p,  one  for  each  of  the  two 
EPR  modes.  We  take  0  <  p  <  1,  with  p  =  1  for  the 
ideal,  lossle.ss  case.  The  input  modes  to  the  beam  split¬ 
ter  1  are  taken  to  be  (!',  a'),  while  for  beam  splitter  2,  the 
modes  are  labeled  by  (2',  b').  Here,  the  modes  (T,  2')  are 
assumed  to  be  in  the  state  specified  by  the  ideal  H/epr 
as  given  in  Eq.  (4)  above,  while  the  modes  (a',h'}  are 
taken  to  be  independent  thermal  (mixed)  states  each  with 
Wigner  distribution 

+  P^)/(n  +  1/2)},  (8) 

where  n  is  the  mean  thermal  photon  number  for  each  of 
the  modes  (a',  b'). 

The  overall  Wigner  distribution  for  the  initial  set  of 
input  modes  (!',  2').  (o',  6')  is  then  just  the  product 

,PV]X2<  ,P2’)W{Xo.'  ,Pa')W  [Xhi  ,pt>,)  .  (9) 


ihe  standard  beam-splitter  transformations  lead  in  a 
str£>.ightforward  fashion  to  the  Wigner  distribution  for  the 
output  set  of  modes  (1,2),  (a,  6),  where,  for  example, 

ab  =  v/pxi'  -  \/l  -  pxa' ,  (10) 

2-’b  =  y/v^o.'  +  \/l  —  pa;i< . 

We  require  TT'epr  for  the  (1,2)  modes  alone,*  which  is 
obtained  by  integrating  over  the  [a,  6)  modes.  A  straight¬ 
forward  calculation  results  in  the  following  distribution 
for  the  mixed  output  state: 

^■'^'"EPR(^l.Pli2:2>P2)  (11) 

-  [(»i  -  .^2)'^  +  (pi  +  ■P2Y]/  , 

where  dj.  are  given  l^y 

d;  =  pe+-’’  -t-  (1  -  ,;)(!  +  271), .  (12) 

(Ti  =  pe"-''  -f  (1  -  p)(i  +  271). 

Note  that  I'k^PR  above  follows  directly  from  Wbpr  in 
Eq.  (4)  via  the  simple  replacements  (T±  — r  Relevant 

to  the  discussion  of  Bell  inequalities  in  Sections  V  and  VI 
is  the  fact  that  >  1  for  any  t  >  0  and  7/  <  1. 


III.  THE  CRITERIA  OF  GRANGIER  AND 
GROSSHANS 


“Ihe  two  recent  papers  of  Grangier  and  Gi'osshans  ar¬ 
gue  that  fidelity  value  larger  than  ^  is  actually  recjuired 
for  successful  teleportation”  [11,12].  In  this  section,  we 
recapitulate  the  critical  elements  of  their  analysis  and 
state  their  criteria  in  the  present  notation.  In  subsequent 
sections  we  proceed  further  with  our  own  analysis  of  en¬ 
tanglement  and  po.ssible  violations  of  Bell’s  inequalities 
for  the  EPR  state  of  Eq.  (11), 

^Beginning  with  Ref.  [11],  Eq.  (21),  Grangier  and 
Grosshans  state  the  following: 

“As  a  criteria,  for  non-separability  [by  which 
they  mean  violations  of  Bell’s  inequalities], 
we  will  use  the  EPR  argument:  two  different 
measurements  prepare  two  different  states,  in 
such  a  way  that  the  product  of  conditional 
variances  (with  different  conditions)  violates 
the  Heisenbex’g  principle.” 


This  statement  takes  a  quantitative  form  in  terms  of 
the  following  conditional  variances  expressed  in  the  no¬ 
tation  of  the  preceding  section  for  EPR  beams  (1,2): 


yxi\-xj  —  (Ax|)  - 
=  (Ap?)  - 


{xjXj) 

{ViPj) 


(13) 


with  (i,j)  (1,2)  and  i  ^  j.  Note  that,  for  example, 

'r-jji-i  gives  the  error  in  the  knowledge  of  the  canonical 
variable  ic,  based  upon  an  estimate  of  ro  from  a  measure¬ 
ment  of  Ki,  and  likewise  for  the  other  conditional  vari¬ 
ances.  These  variances  were  introduced  in  Refs.  [26,27] 
in  connection  with  an  optical  realization  of  the  original 
gedanken  e.xperiment  of  Einstein,  Podolsky,  and  Rosen 
[25].  An  apparent  violation  of  the  uncertainty  princi¬ 
ple  arises  if  the  product  of  inference  errors  is  below  the 
uncertainty  product  for  one  beam  alone.  For  example, 
^  represents  such  an  apparent  viola¬ 
tion  since  i  is  demanded  by  the  canoni¬ 

cal  commutation  relation  between  X'j  and  po,  with  here 
^•■^1,2  ~  4  —  for  file  vacuum  state  [26,27]. 

Grangier  and  Grosshans  elevate  this  concept  of  infer¬ 
ence  at  a  distance  from  the  EPR  analysis  to  “a  criteria 
for  iion-separability  [i.e.,  violation  of  Bell’s  inequalities]." 
Specifically,  they  state  that  “the  classical  limit  of  no  ap- 
parent  vmlation  of  HF  [and  hence  the  domain  of  local 
realism]  is  determined  by  the  conditions 

>  ^,  and  >  ^.  (14) 

As  shown  in  Refs.  [26,27]  for  the  states  under  consider¬ 
ation,  the  conditional  variances  of  Eq.  (13)  are  simply 
related  to  the  following  (unconditional)  variances 

Ax-2 

Apy^j.  =  {{pi  -  Uijpj)-), 


and  i/ij  _  uji  -  with  p  =  _i/.  Note  that  in  the 
absence  of  losses  as  in  Eq.  (4),  we  have  explicitly  that 
^  —  tanh  2r.  By  contrast,  the  case  considered  by  Grang- 
ier  and  Grosshans  is  p  =  -i/  =  i.  for  which  their  Pli 
becomes 


where 


Ax'-'Ap^  >  -L 
-  16’ 


Ax*-’  =  ((xTi  -  012)2), 

Ap“  =  ((pi+p2)^). 

Note  that  in  general  the  inequality 

F1V2  >  — 

-  4 

implies  that 


(19) 

(20) 


(21) 


"  i.  f 


m  - 


so  that  the  criterion  of  Eq.  (19)  for  dassical  teleportation 
leads  to 


Ao2  +  Ap2>i.  ^23) 

Hence,  the  requirement  of  Grangier  and  Grosshans  for 
quantum  teleportation  is  that 


II  w-e  u.se  a  measurement  of  Xj  to  estimate  x*,-,  then  Ax2 
is  the  variance  of  the  error  when  the  estimator  is  cho¬ 
sen  to  be  PijXj,  and  hkewdse  for  Ap^  ..  For  an  optimal 
estimate,  the  parameters  are'given  by  [26,27] 


,opt  _  (x'jXj) 
(Ax2) 


and  in  this  case, 


..opt _  {PiP,i) 

(ApJ) 


(16) 


14.1,,  =  Ax2  and  =  Ap2„,,.  (17) 

ij 

The  “non-separability"  condition  of  Grangier  and 
Grosshans  in  Eq.  (14  )  can  then  be  re-expressed  as 


•  and  Ax-2^,Ap3,,  >  1  (18) 

where  we  assume  the  optimized  choice  and  drop  the  su¬ 
perscript  ‘opt’.  Again,  Grangier  and  Grosshans  take  this 
condition  of  “no  apparent  violation  of  HF  as  the  oper- 
“nonseparability  criteria”  [violations 
of  Bell  inequalities],  and  hence,  by  their  logic,  to  delin¬ 
eate  the  classical  boundary  for  teleportation  [11]. 

To  make  apparent  the  critical  elements  of  the  discus¬ 
sion,  we  next  assume  symmetric  fluctuations  as  appro¬ 
priate  to  the  EPR  state  of  Eq.  (11),  =  p..  = 


Ax2  +  Ap2<i,  ^24) 

where  from  Eq.  (11),  we  have  that  Ax2  +  Ap2  =  5-2 
for  the  EPR  beams  (1,2).  As  we  shall  see  in  the  nex't 
section.  It  IS  straightforward  to  show  that  this  condition 
corresponds  to  fidelity  F  >  |  for  the  teleportation  of  co¬ 
herent  states.  The  claim  of  Grangier  and  Grosshans  [11] 
IS  that  the  inequality  of  Eq.  (19)  serves  as  “the  condi¬ 
tion  for  no  useful  entanglement  between  the  two  beams,” 
where  by  ‘useful’  they  refer  explicitly  to  “the  existence 
of  quantum  non-separability  [violation  of  Bell’s  inequal¬ 
ities].’’  The  inequalities  of  Eqs.  (18)  and  (19)  are  also 
related  to  criteria  developed  w'ithin  the  setting  of  quan¬ 
tum  nondemolition  detection  (QND)  [28],  as  discussed  in 
the  next  .section. 

In  a  second  paper  [12],  Grangier  and  Grosshans  intro¬ 
duce  an  alternative  criteria  for  the  successful  teleporta¬ 
tion  of  coherent  states,  namely  that 

“the  information  content  of  the  teleported 
quantum  state  is  higher  than  the  information 
(.onteiit  of  any  (classical  or  quantum)  copy 
of  the  input  state,  that  may  be  broadcasted 
classically.” 


lo  quantify  tlie  concept  of  “infontiation  content’’  they 
introduce  a  '‘generalized  fidelity”  describing  not  the  over¬ 
lap  ol  quantum  states  as  is  standard  in  the  quantum  in¬ 
formation  community,  but  rather  the  conditional  proba¬ 
bility  P(a|/)  that  a  particular  coherent  state  \a)  was  ac¬ 
tually  sent  given  “the  available  information  In  effect, 
Gi angler  and  Grosshans  consider  the  following  protocol. 
Victor  sends  to  Alice  some  unknown  coherent  state  |tto), 
with  Alice  making  her  best  attempt  to  determine  tJiis 
state  [34],  and  sending  the  resulting  measurement  out¬ 
come  to  Bob  as  in  the  standard  protocol.  Bob  then  does 
one  of  two  things.  In  the  first  instance,  he  forwards  onlv 
this  clcxssical  message  with  Alice’s  measurement  outcome 
to  Victor  without  reconstructing  a  quantum  state.  In  the 
second  case,  he  actually  generates  a  quantum  state  condi¬ 
tioned  upon  Alice’s  message  and  sends  this  state  to  Vic- 
toi ,  who  must  then  make  his  own  measurement  to  deduce 
whether  the  teleported  state  corresponds  to  the  one  that 
he  initially  sent.  For  successful  teleportation,  Grangier 
and  Grosshans  demand  that  the  information  gained  by 
Victor  should  be  greater  in  the  latter  case  where  quantum 
states  are  actually  generated  by  Bob  than  in  the  former 
case  where  only  Alice’s  classical  measurement  outcome  is 
distributed.  It  is  straightforward  to  show  that  Eq.  (24) 
given  above  is  sufficient  to  ensure  that  this  second  crite¬ 
ria  is  likewise  satisfied  for  the  teleportation  of  a  coherent 
state  |a),  albeit  with  the  same  caveat  expressed  in  [10], 
namely  that  neither  the  set  5  of  initial  states  nor 

the  distribution  P{\4'in))  over  these  states  is  specified. 

^  We  now  turn  to  an  evaluation  of  these  criteria  of 
Giangier  and  Grosshans  placing  special  emphasis  on  the 
issues  of  entanglement  and  violations  of  Bell’s  inequali¬ 
ties,  specifically  because  these  are  the  concepts  Grangier 
and  Grosshans  emphasize  in  their  work  [11,12], 


IV.  ENTANGLEMENT  AND  FIDELITY 
A.  Nonseparability  of  the  EPR  beams 


To  addre.ss  the  question  of  the  nonseparability  of  the 
EPR  beams,  we  refer  to  the  papers  of  Duan  et  aL  and 
of  Simon  [14,15],  as  well  as  related  work  by  Tan  [16]. 
For  the  definitions  of  (xi.pi)  that  we  have  chosen  for  the 
EPR  beams  (1,2),  a  sufficient  condition  for  nonsepara- 
bility  (without  an  assumption  of  Gaussian  statistics)  is 
that  ^ 


Aa;--hA;r<l,  (25) 

where  and  Ap"  are  defined  in  Eq,  (20).  This  result 
follows  from  Eq.  (3)  of  Ducui  et  aL  with  a  =  1  (and  from 
a  similar  more  general  equation  in  Simon)  135].  Note  that 
Duan  et  al  have  Ao^  =  i  =  Apf  for  the  Vacuum  state, 
while  our  definitions  lead  to  Ax^  ^  \  =  A;r  for  the 


vacuum  state,  where  for  example,  Ax]  =r  (xr),  and  tliat 
all  fields  considered  have  zero  mean. 

Given  the  Wigner  distribution  as  in  Eq.  (11), 

we  find  immediately  that 


(T“ 


Ax^  H-  Ap“  =  2— 


(26) 


=  -1- (1  -  ??)(! +  277.): 


For  the  case  n  ~  0,  the  resulting  state  is  ahvays  entangled 
jar  any  r  >  0  even  for  i]  I,  in  agreement  with  the 
discussion  in  Duan  et  al  [14],  For  nonzero  rl,  the  .state  is 
entangled  so  long  as 


^  -  exp(-2>")] 

2(1-, 7) 


(27) 


We  emphasize  that  in  the  experiment  of  Furusawa  et 
al.  [4]  for  which  h  =  0  is  the  relevant  case,  the  above 
inequality  guarantees  that  teleportation  was  carried  out 
with  entangled  (i.e.,  nonseparable)  states  for  the  EPR 
beams,  independent  of  any  assumption  about  whether 
these  beams  were  Gaussian  or  pure  states  [36], 

By  contidst  to  the  condition  for  entanglement  given 
in  Eq.  (2o),  Grangier  and  Grosshans  require  instead  the 
more  stringent  condition  of  Eq.  (24)  for  successfiii  tele¬ 
portation.  Although  they  w'ouid  admit  that  the  EPR 
beams  are  indeed  entangled  xvhenever  Eq.  (25)  is  sati.s- 
fied.f  they  would  term  entanglement  in  the  domain 

—  <  Ax~  -|-  Ap"  <  1 


as  not  “useful”  [11]. 

^  With  regard  to  the  QND-like  conditions  introduced  by 
Giangier  and  Gro.sshans  [11],  we  note  that  more  general 
forms  for  the  nonseparability  condition  of  Eq.  (25)  are 
given  in  Refs.  [14,15].  Of  particular  relevance  is  a  condi¬ 
tion  for  the  variances  of  Eq.  (15)  for  the  case  of  svmrnetric 
fluctuations  as  for  EPR  state  in  Eq.  (11),  =  pi--  =  ^ 

and  Uij  =  Uji  =  i/,  with  p  =  —u.  Consider  for  example 

A3;2  =  ((22  -  pixif)  and  Ap^  =  ((p,  -p 

(28) 

as  would  be  appropriate  for  an  inference  of  (oio.p.,)  from 
a  rneasurement  (at  a  distance)  of  (a;,,pi).  In  tfhis'case,  a 
sufficient  condition  for  entanglement  of  the  EPR  beams 
(1,2)  is  that 


+  ^pI  < 


(1  +  /^-) 
2  ’ 


(29) 


^Grangier  was  in  fact  unaware  of  Refs.  [14,15]  when  Ref.  [ll] 
was  originally  posted,  having  had  this  work  pointed  out  by 

US. 


B.  Fidelity 


which  reproduces  Ec[.  (25)  for  /.i  =  1.  The  relevance  of 
this  condition  is  that  it  is  in  fact  possible  to  achieve  an 
apparent  violation  of  the  Heisenberg  inequality 

>  ~  (30) 

“  ~  16 

with 

<  1  (31) 

for  any  r  >  0  and  0  <  ?/  <  1  for  n  =  0.  As  discussed 
in  Refs.  [26,27],  p  must  be  chosen  in  correspondence  to 
the  degree  of  correlation  between  the  EPR  beams,  with 

0  <  p  <  1. 

Hence^  an  apparent  violation  of  the  optimized  Heisen¬ 
berg  inequality  as  in  Eq.  (31)  is  sufficient  to  ensui'e 
that  the  EPR  beams  are  entangled.  In  applying  their 
QND-like  conditions,  Grangier  and  Grosshans  demand 
to  the  contrary  that  p  =  1  for  all  values  of  r,  so  that 
Ax“  Apj;  <  ~  only  for  ^  for  a  violation  of  their  HI 
(rather  than  the  more  general  case  of  <  1  with  opti¬ 
mized  p  for  any  (?',  77)  and  n  =  0).  Certainly,  p  =  1  is  the 
case  relevant  to  the  actual  teleportation  protocol  of  Ref. 
[13].  However,  Alice  and  Bob  are  surely  free  to  explore 
the  degree  of  correlation  between  their  EPR.  beams  and 
to  test  for  entanglement  by  any  means  at  their  disposal, 
including  simple  measurements  with  p  1. 

In  their  second  paper  [12],  Grangier  and  Grosshans 
state  that  “the  intensity  of  one  of  the  EPR  beam  can  be 
measured  in  order  to  use  that  information  to  reduce  the 
noise  of  the  second  beam.  Then  the  noise  of  the  corrected 
beam  can  be  reduced  below  shot-noise  only  when  the 
losses  on  each  beam  are  less  than  50%. ”  Again,  this 
statement  follows  only  in  the  restricted  case  p  =  1.  More 
generally,  for  n  =  0,  any  r  >  0  with  0  <  77  <  1  is  sufficient 
for  reducing  the  noise  of  one  of  the  EPR  beams  below  its 
own  shot-noise  limit  based  upon  a  measurement  of  the 
second  EPR  beam,  with  the  condition  for  the  success 
of  such  a  procedure  being  given  by  the  nonseparability 
condition  of  Eq.  (29)  for  optimized  p  and  not  by  the 
criteria  of  Grangier  and  Grosshans  who  demand  p  =  1. 

Although  the  boundary  expressed  by  the  nonsepara¬ 
bility  conditions  of  Eqs.'  (25)  and  (29)  are  perhaps  not  so 
familiar  in  Quantum  Optics,  we  stress  that  these  criteria 
are  associated  quite  directly  with  the  standard  condi¬ 
tion  for  nonclassical  behavior  adopted  by  this  commu¬ 
nity.  Whenever  Eqs.  (25)  and  (29)  are  satisfied,  the 
Glauber-Sudai*shan  phase-space  function  becomes  non- 
positive  [17],  which  for  almost  forty  years  has  heralded 
entrance  into  a  manifestly  quantum  or  nonclassical  do¬ 
main.  It  is  difficult  to  understand  how  Grangier  and 
Grosshans  propose  to  move  from  Ax“  +  Ap^  =  1  to 
Ax"  -f  Ajr  =  “  without  employing  quantum  resources 
in  the  teleportation  protocol  (as  is  required  when  the 
Glauber-Sudarsiian  P-function  is  not  positive  definite). 
Their  own  work  offers  no  suggestion  of  how  this  is  to  be 
accomplished. 


Turning  next  to  the  question  of  the  relationship  of  en¬ 
tanglement  of  the  EPR  beams  [as  quantified  in  Eq.  (25)] 
to  the  fidelity  attainable  for  teleportation  with  these 
beams,  we  recall  from  Eq.  (2)  of  Ref.  [4]  that 


F- 


1 

1  +  ai' 


(32) 


where  this  result  applies  to  teleportation  of  coherent 
states.  [38]  When  combined  with  Eq.  (26),  we  find  that 


F  = 


1 

1  "f  (Ax*  Ap*)  * 


(33) 


The  criterion  of  Eq.  (25)  for  nonseparability  then  guar¬ 
antees  that  nonseparable  EPR  states  as  in  Eqs.  (4,ll)(be 
they  mixed  or  pure)  are  sufficient  to  achieve 


P  ^  Fclassical  —  (34) 

whereas  separable  states  must  have  F  <  Fclassical  = 
although  we  emphasize  that  this  bound  applies  for  the 
average  fidelity  for  coherent  states  distributed  over  the 
entire  complex  plane  [6,38]. 

We  thereby  dem.onstrate  that  the  condition  F  > 
Fclassical  =  |  for  quantum  teleportation  as  established 
in  Ref.  [6]  coincides  with  that  for  nonseparability  (i.e., 
entanglement)  of  R.efs.  [14,15]  for  the  EPR  state  of 
Eq.  (11).  Note  that  for  n  =  0,  we  have 


SO  that  the  entangled  EPR  beams  considered  here  (as 
well  as  in  Refs.  [11,12])  provide  a  sufficient  resource  for 
beating  the  limit  set  by  a  classical  channel  alone  for  any 
r  >  0,  so  long  as  77  >  0.  In  fact,  the  quantities  (Ax^,Ap“) 
are  readily  measured  experimentally,  so  that  the  enta.n- 
glement  of  the  EPR  beams  can  be  operationally  verified, 
as  was  first  accomplished  in  Ref.  [26],  and  subsequently 
in  R.ef.  [4].  We  stress  that  independently  of  any  further 
assumption,  the  condition  of  Eq.  (25)  is  sufficient  to  en¬ 
sure  entanglement  for  pure  or  mixed  states  [39,40]. 

The  dependence  of  fidelity  F  on  the  degree  of  squeezing 
r  and  efficiency  77  as  expressed  in  Eq.  (35)  is  illustrated  in 
Figure  1.  Here,  in  correspondence  to  an  experiment  with 
fixed  overall  losses  and  variable  parametric  gain  in  the 
generation  of  the  EPR  entangled  state,  we  show  a  family 
of  curves  in  Figure  1  each  of  which  is  drawn  for  constant  77 
as  a  function  of  r.  Clearly,  F  >  Fdassicai  =  k  and  hence 
nonseparability  results  in  each  case.  The  only  apparent 
significance  of  F  =  |  as  championed  by  Grangier  and 
Grosshans  (and  which  results  for  Ax^  -f  A/r  =  ^)  is  to 
bound  F  for  77  =  0.5. 


of  squeezing  r  for  fixed  efficiency  rj.  From  top  to  bottom,  the 
curves  are  drawn  with  r]  =  {0.99,0.90,0.70,0.50}  in  corre- 
.spondence  to  increasing  loss  (1  -  rj).  Note  that  Fda^^xcai  =  j 
provides  a  demarcation  between  separable  and  nonseparable 
states  (mixed  or  otherwise),  while  F  =  |  is  apparently  of 
no  particular  significance,  the  contrary  claims  of  Ref.  [11,12] 
notwithstanding.  Note  that  for  r;  =  1,  r  =  1^  =  0.3466  gives 
F  =  |,  correj5ponding  to  —SdB  of  squeezing.  In  all  cases, 

.  n  =  0. 

As  for  the  criterion  of  ^‘information  content”  intro¬ 
duced  by  Grangier  and  Grosshans  [12],  we  note  it  can 
be  easily  understood  from  the  current  analysis  and  the 
original  discussion  in  Ref.  [13].  Each  of  the  interven¬ 
tions  by  Alice  and  Bob  represent  one  unit  of  added  vac¬ 
uum  noise  that  will  be  convolved  with  the  initial  input 
state  in  the  teleportation  protocol  (the  so-called  gudu- 
ties).  Grangier  and  Grosshans  compare  the  following  two 
situations:  (i)  Bob  passes  directly  the  classical  informa¬ 
tion  that  he  receives  to  Victor  and  (ii)  Bob  generates  a 
quantum  state  in  the  usual  fashion  that  is  then  passed 
to  Victor.  Grangier  and  Grosshans  would  demand  that 
Victor  should  receive  the  same  information  in  these  two 
cases,  which  requires  that  az.  =  Aar-  -f  Ap“  <  and 
hence  F  >  |.  That  is,  as  the  degree  of  correlation  be¬ 
tween  the  EPR  beams  is  increased,  there  comes  a  point 
for  which  Aar--|-Ap^  =  and  for  which  each  of  Alice  and 
Bob’s  excess  noise  has  been  reduced  from  1  quduty  each 
to  ~  quduty  each.  At  this  point,  Grangier  and  Grosshans 
would  (arbitrarily)  assign  the  entire  resulting  noise  of 
.--pi  =:  1  qudiities  to  Alice,  with  then  the  perspective 
that  Bob’s  state  recreation  adds  no  noise.  Of  course  one 
could  equally  well  make  the  complementary  assignment, 
namely  I  quduty  to  Bob  and  none  to  Alice  (again  in  the 
case  with  at  =  k)-  The  point  that  seems  to  be  missed 
by  Grangier  and  Grosshans  is  that  key  to  quantum  tele¬ 
portation  is  the  transport  of  quantum  states.  Although 
they  correctly  state  that  ‘^there  is  no  extra  noise  asso¬ 
ciated  to  the  reconstruction:  given  a  measured  /3,  one 
can  exactly  reconstruct  the  coherent  state  |/3),  by  using 


a  deterministic  translation  of  the  vacuum.”  Bob  can  cer¬ 
tainly  make  such  a  state  deterministically,  but  it  is  an 
altogether  different  matter  for  Victor  to  receive  a  classi¬ 
cal  number  from  Bob  in  case  (i)  as  opposed  to  the  actual 
quantum  state  in  (ii).  In  this  latter  case  apart  from  hav¬ 
ing  a  physical  state  instead  of  a  number,  Victor  must 
actually  make  his  own  measurement  with  the  attendant 
uncertainties  inherent  in  |/?)  then  entering.  Analogously, 
transferring  measurement  results  about  a  qubit,  without 
recreating  a  state  at  the  output  (i.e.,  without  sending  an 
actual  quantum  state  to  Victor),  is  not  what  is  normally 
considered  to  constitute  quantum  teleportation  relative 
to  the  original  protocol  of  Bennett  et  al.  [1]. 

Turning  next  to  the  actual  experiment  of  Ref.  [4],  we 
note  that  a  somewhat  subtle  issue  is  that  the  detection 
efficiency  for  Alice  of  the  unknown  state  was  not  100%, 
but  rather  was  =  0.97.  Because  of  this,  the  fidelity 
for  classical  teleportation  (i.e.,  with  vacuum  states  in 
place  of  the  EPR  beams)  did  not  actually  reach  but 
was  instead  Fo  ==  0.48.  This  should  not  be  a  surprise, 
since  there  is  nothing  to  ensure  that  a  given  classical 
scheme  will  be  bptimeil  and  actually  reach  the  bound 
Fcla  s  steal  —  Plence,  the  starting  point  in  the  exper¬ 
iment  with  r  =  0  had  Fq  <  Fdassicai]  the  EPR  beams 
with  r  >  0  (which  were  in  any  event  entangled  by  the 
above  inequality)  then  led  to  increases  in  fidelity  from  Fq 
upward,  exceeding  the  classical  bound  Fdas steal  =  |  for 
a  small  (but  not  infinitesimal)  degree  of  squeezing.  Note 
that  the  wliole  effect  of  the  offset  Fo  =  0.48  <  -  can  be 
attributed  to  the  lack  of  perfect  (homodyne)  efficiency 
at  Alice’s  detector  for  the  unknown  state.  In  the  current 
discussion  for  determining  the  classical  bound  in  the  op¬ 
timal  case,  we  set  Alice’s  detection  efficiency  instead  to 
1,  then  as  shown  above,  classical  teleportation  will 
achieve  F  = 

Independent  of  such  considerations,  we  reiterate  that 
the  nonseparability  condition  of  Refs.  [14,15]  applied  to 
the  EPR  state  of  Eqs.  (4)  and  (11)  leads  to  the.  same  re¬ 
sult  Fciassicai  =  |  [Eqs.  (33)  and  (34)]  as  did  our  previous 
analysis  based  upon  teleportation  with  only  a  classical 
communication  channel  linking  Alice  and  Bob  [6].  This 
convergence  further  supports  Fdassicai  -  |  a.s  the  appro¬ 
priate  quantum-classical  boimdary  for  the  teleportation 
of  coherent  states,  the  claims  of  Grangier  and  Grosshans 
notwithstanding.  Relative  to  the  original  work  of  Ben¬ 
nett  et  al.  [1],  exceeding  the  bound  Fdassicai  =  |  for 
the  teleportation  of  coherent  can  be  accomplished  with  a 
classical  channel  and  entangled  (i.e.,  nonseparable)  EPR 
.states,  be  they  mixed  or  pure,  as  is  made  clear  by  the 
above  analysis  and  as  has  been  operation aliv  confirmed 

[4].  _  ■  • 

We  should  however  emphasize  that  the  above  con¬ 
clusions  concerning  nonseparability  and  teleportation  fi¬ 
delity  apply  to  the  specific  case  of  the  EPR  state  as  in 
Eq.  (11),  for  which  inequality  Eq.  (25)  repre.sents  both  a 
necessary  and  sufficient  criterion  for  nonseparability  ac- 
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cording  to  Refs.  [14,15].  More  generally,  for  arbitrary  en¬ 
tangled  states,  nonseparability  does  not  necessarily  lead 
to  F  >  4  in  coherent-state  teleportation  [39,40]. 

V.  BELL’S  INEQUALITIES 


The  papers  by  Banaszek  and  Wodkiewicz  [18,19]  pro¬ 
vide  our  point  of  reference  for  a  discussion  of  Bell’s  in¬ 
equalities.  In  these  papers,  the  authors  introduce  an  ap¬ 
propriate  set  of  measurements  that  lead  to  a  Bell  inequal¬ 
ity  of  the  CHSH  type.^  More  explicitly,  Eq.(4)  of  Ref. 
[18]  gives  the  operator  n(a;/?)  whose  expectation  values 
are  to  be  measured.  Banaszek  and  Wodkiewicz  point  out 
that  the  expectation  value  of  n(a;  /?)  is  closely  related  the 
Wigner  function  of  the  field  being  investigated,  namely 

I4-(a;/?)  =  ^n(a;/?)  ,  (36) 

where  n(a;  /?)  =  (n(a;  (3)). 

For  the  entangled  state  shared  by  Alice  and  Bob  in  the 
teleportation  protocol,  we  identify  as  the  relevant 

Wigner  distribution  for  the  modes  (1,2)  of  interest,  so 
that 


nEPR(^*i^Pi;  ^2,P2)  (37) 

=  ^'^p{-[(^‘:l  +  ^*2)^  +  (Pi  -P2)“]/^+ 

—  [(xi  —  2*2)^  H-  {pi  +P2)^]/  ^1}  • 

Banaszek  and  Wodkiewicz  show  that  U^^{xi,pi]X2,P2) 
gives  directly  the  correlation  function  that  would  oth¬ 
erwise  be  obtained  from  a  particular  set  of  observa¬ 
tions  over  an  ensemble  representing  the  field  with  den¬ 
sity  operator  p,  where  the  actual  measurements  to  be 
made  are  as  described  in  Refs.  [18,19].  In  simple  terms, 
^epr(0>  0;  0,  0)  is  the  parity  operator  for  separate  mea¬ 
surements  of  photon  number  on  modes  (1,2),  with  then 
nonzero  {xi,pi)  corresponding  to  a  “rotation”  on  the  in¬ 
dividual  mode  i  that  precedes  its  parity  measurement. 

FIG.  2.  The  function  B{J')  from  Eq.  (38)  as  a  function  of  J 
for  various  values  of  (r,  r?).  Recall  that  B>  2  heralds  a  direct 
violation  of  the  CHSH  inequality,  with  the  dashed  line  5  =  2 
shown.  In  each  of  the  plots  (a)-(d)  a  family  of  curves  is  drawn 
for  fixed  efficiency  77  and  four  values  of  r  =  {0.1, 1^^,  1.0,  2.0}. 
(a)  u  =  0.99,  (b)  rj  =  0.90,  (c)  77  =  0.70,  (d)  r?  =  0.50;  in  ail 

caseSj  n  —  0, 
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The  function  constructed  by  Banaszek  and  Wod- 
kiewicz  to  test  for  local  hidden  variable  theories  is  de¬ 
noted  by  B  and  is  defined  by 

(38) 

=  nrPR(0, 0;  0, 0)  +  n|“pV(v/j,  O;  0. 0) 

+nrPR  (0, 0;  -  //.  0)  -  nrp‘R(N/j,  0; -Vj,  0)- , 

where  J"  is  a  positive  (real)  constant.  As  shown  in  Ref 
[18,19],  any  local  theory  must  satisfy 

-2  <  B  <2  .  (39) 

As  emphasized  by  Banaszek  and  Woclkiewicz  for  the  loss¬ 
less  case,  n£p^^{0, 0;  0,  0)  =  1  “describes  perfect  correla¬ 
tions  as  a  manifestation  of  ...  photons  always  gener¬ 
ated  in  pairs/’ 

There  are  several  important  points  to  be  made  about 
this  result.  In  the  first  place,  in  the  ideal  case  with  no 
loss  (77  =  1),  there  is  a  violation- of  the  Bell  inec|uality 
of  Eq.  (39)  for  any  ?’  >  0.  Further,  this  threshold  for 
the  onset  of  violations  of  the  CHSH  inequality  coincides 
with  the  threshold  for  entanglement  as  given  in  Eq.  (25), 
which  likewise  is  the  point  for  surpassing  Fdassicai  =  ^ 
as  in  Eqs.  (33,34)  and  as  shown  in  our  prior  analysis 
of  Ref.  [6]  which  is  notably  based  upon  a  quite  different 
approach. 

Significantly,  there  is  absolutely  nothing  special  about 
the  point  r  =  hip  ps  0.346(5  (i.e.,  the  point  for  which 
~  9.5  and  for  which  F  =  ^  for  the  teleportation 
of  coherent  states),  in  contradistinction  to  the  claims  of 
Grangier  and  Grosshans  to  the  contrary  [11,12].  Instead, 
any  r  >  0  leads  to  a  nonseparable  EPR  state,  to  a  vio¬ 
lation  of  a  Bell  inequality,  and  to  F  >  Fdassicai  =  5  for 
the  teleportation  of  coherent  states.  There  is  certainly 
no  surprise  here  since  we  are  dealing  with  pure  states  for 
77  =  1  [41]. 

We  next  e.xaxnine  the  case  with  77  <  I,  which  is  clearlv 
of  interest  for  any  experiment.  Figure  2  illustrates  the 
behavior  of  R  as  a  function  of  for  various  va,lues  of 
the  squeezing  parameter  r  and  of  the  efficiency  77.  Note 
that  throughout  our  analysis  in  this  section,  we  make 
no  attempt  to  search  for  optimal  violations,  but  instead 
follow  dutifully  the  protocol  of  Banaszek  and  Wodkiewicz 
as  expressed  in  Eq.  (38)  for  the  case  with  losses  as  well. 

From  Figure  2  we  see  that  for  any  particular  set  of 
parameters  (r,??),  there  is  an  optimum  value  that 
leads  to  a  maximum  value  for  5(37ma.x))  which  is  a  sit¬ 
uation  analogous  to  that  found  in  the  discrete  variable 
case.  By  determining  the  corresponding  value  at 
each  (r,77),  in  Figure  3  we  construct  a  plot  that  displays 
the  dep>endence  of  B  on  the  squeezing  parameter  ?•  for 
various  values  of  efficiency  77.  Note  that  all  cases  shown 
in  the  figure  lead  to  fidelity  F  >  Fdassicai-. 


FIG.  .3.  (a)  The  quantity  B  from  Eq.  (38)  as  a  function  of 
r  for  various  values  of  efficiency  rj  =  {0,99,  0.90, 0.70,  0..50} 
as  indicated.  At  each  point  in  (r,p),  the  value  of  J  that 
maximizes  B  has  been  chosen.  Recall  that  B  >  2  heralds  a 
direct  violation  of  the  CHSH  inequality,  with  the  dashed  line 
B  =  2  shown.  Also  note  that  F  >  i  for  all  r  >  0.  (b)  An 
expanded  view  of  if  in  the  small  r  region  r  <  0.1.  Note  that 
in  the  case  17  =  0.70,  B>2  for  small  r.  In  all  cjvses,  fj  =  0. 

For  3  <  77  <  1  there  are  regions  in  r  that  produce 
direct  violations  of  the  Bell  inequality  considered  here, 
namely  B  >  2  [42].  In  general,  these  domains  with  B  >  2 
contract  toward  smaller  r  with  increasing  loss  (1  —  77).  In 
fact  a.s  7  increases,  77  must  become  very  close  to  unitv  in 
order  to  preserve  the  condition  B  >  2,  where  for  r  >  1, 

2(l-?7)cosh(2r)  C  1.  (40) 

This  requirement  is  presumably  associated  with  the  EPR 
state  becoming  more  “nonclassical”  with  increasing  r  and 
hence  more  sensitive  to  dissipation  [43],  Stated  some¬ 
what  more  quantitatively,  recall  that  the  original  state 
\EPR)i^2  of  Eq.  (3)  is  expressed  as  a  sum  over  correlated 
photon  numbers  for  each  of  the  two  EPR  beams  (1,2), 
The  determination  of  b  derives  from  (displaced)  parity 
measurements  on  the  beams  (1,2)  (i.e.,  projections  onto 
odd  and  even  photon  number),  so  that  B  should  be  sen- 
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sitive  t,o  the  loss  of  a  single  photon.  The  mean  photon 
number  n,-  for  either  EPR  beam  goes  as  sinh'r,  with 
then  the  probability  of  losing  no  photons  after  encoun¬ 
tering  the  beam-splitter  with  transmission  rj  scaling  as 
roughly  po  ~  [??]"’  .  We  require  that  the  total  probability 
for  the  loss  of  one  or  more  photons  to  be  small,  so  that 

(l-Po)«:l,  (41) 

and  hence  for  (1  -  p)  <  1  and  r  »  1  that 

(1  -  p)hi  ~  (1  -  p)  exp(2r)  «  1,  (42) 

in  correspondence  to  Eq.  (40)  [44]. 

On  the  other  hand,  note  that  small  values  of  r  in  Figure 
3  lead  to  direct  violations  of  the  CHSH  inequality  B>2 
with  much  more  modest  elBciencies  [43],  In  particular, 
note  that  for  r  =  0.3466  and  -q  =  0.90,  F  <  I 

[from  Eq.  (3o)].  This  case  and  others  like  it  pi'ovide  e-x- 
amples  for  which  mixed  states  are  nonseparable  and  yet 
directly  violate  a  Bell  inequality,  but  for  which  P  <  |. 
Such  mixed  states  do  not  satisfy  the  criteria  of  Grangier 
and  Grosshans  (neither  with  respect  to  their  Heisenberg- 
type  inequality  nor  with  respect  to  their  information  ex- 
chanp),  yet  they  are  states  for  which  h  <  F  <  I  and 
B  >  2^,  which  in  and  of  itself  calls  the  claims  of  Grangier 
and  Grosshans  into  question.  There  remains  the  possi¬ 
bility  that  F  >  I  might  be  sufficient  to  warranty  that 
mixed  states  in  this  domain  would  satisfy  that  B  >  2, 
and  hence  to  exclude  a  description  of  the  EPR  state  in 
terms  of  a  local  hidden  variables  theory. 

To  demonstrate  that  this  is  emphatically  not  the  case, 
we  examine  further  the  relationship  between  the  quan¬ 
tity  R  relevant  to  the  CHSH  inequality  and  the  fidelity 
F.  Figure  4  shows  a  parametric  plot  of  B  versus  F  for 
various  values  of  the  efficiency  q.  The  curves  in  this  fig¬ 
ure  are  obtained  from  plots  as  in  Figures  1  and  3  by 
eliminating  the  common  dependence  on  r.  From  Figure 
4,  we  are  hard  pressed  to  find  any  indication  that  the 
value  F  =  j  is  in  any  fashion  noteworthy  with  respect 
to  violations  of  the  CHSH  inequality.  In  particular,  for 
efficiency  q  ~  0.90  most  relevant  to  current  experimental 
capabilities,  the  domain  F  >  |  is  one  largely  devoid  of 
instances  with  B  >  2,  in  contradistinction  to  the  claim 
of  Giangier  and  Grosshans  that  this  domain  is  somehow 
“safer”  [11]  with  respect  to  violations  of  Bell’s  inequali¬ 
ties.  Moreover,  contrary  to  their  dismissal  of  the  domain 
2  ^  —  3  ^  being  manifestly  quantum,  we  see 

rom  Figure  4  that  there  are  in  fact  regions  with  B  '>  2. 
Overall,  the  conclusions  of  Grangier  and  Grosshans  [11] 
related  to  the  issues  of  violation  of  a  Bell  inequality  and 
of  teleportation  fidelity  are  simply  not  supported  by  an 
actual  quantitative  aiialycsis. 
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FIG.  4.  (a)  A  parametric  plot  of  the  CHSH  quantity  B 
[Eq.  (38)]  versus  fideUty  F  [Eq.  (35)].  The  curves  are  con¬ 
structed  from  Figures  1  and  3  by  eliminating  the  r  depen¬ 
dence,  now  over  the  range  0  <  r  <  5,  with  r  increasing  from 
left  fco  right  for  each  trace.  The  efficiency  r]  tcilces  on  the 
values  q  =  {0.99,0.90,0.70,0.50}  as  indicated;  in  all  cases, 
n  —  0.  Recall  that  6  >  2  heralds  a  direct  violation  of  the 
CHSH  inequality,  with  the  dashed  line  5  =  2  shown,  (b)  An 
expanded  view  arqund  5  =  2.  Note  that  5  >  2  is  impossible 
for  F  <  Fciassicai  =  j,  but  that  5  >  2  for  F  >  Frjassicai  in 
vanous  domains  (including  for  q  =  0.70  at  small  r).  The  pur¬ 
ported  boundary  F  =  |  proposed  by  Grangier  and  Grosshans 
[11,12]  is  seen  to  have  no  particular  significance.  Contrary  to 
their  claims,  F  f  provides  absolutely  no  wairanty  that 
B  >  2  ioT  F  >  nor  does  it  preclude  5  >  2  for  F  <  |. 

While  the  above  results  follow  from  the  particular  form 
of  the  CHSH  inequality  introduced  by  Banaszek  and 
Wodkiewicz  [18,19],  we  should  note  that  another  quite 
differen  t  path  to  a  demonstration  of  the  inadequacy  of  lo¬ 
cal  lealism  tor  continous  quantum  varialbes  has  recently 
been  proposed  by  Ralph,  Munro,  and  Polkinghorne  [45j. 
These  authors  consider  a  novel  scheme  involving  mea- 
.suiements  of  quadrature-phase  amplitudes  for  two  en¬ 
tangled  beams  (A,  B).  These  beams  are  formed  by  com- 
bining  two  EPR  states  (i.e.,  a  total  of  four  modes,  two  for 
each  beam).  Relevant  to  our  discussion  is  that  maximal 


violations  of  a  CHSH  inequality  (i.e.,  B  =  2\/2)  are  pre¬ 
dicted  lor  r  c  1,  with  then  a  decreasing  maximum  value 
of  5  for  increasing  r.  Once  again,  the  threshold  for  onset 
of  the  violation  of  a  Bell’s  inequality  coincides  with  the 
threshold  for  entanglement  of  the  relevant  fields  [i.e.,  Eq. 
(25)],  with  no  fipparent  significance  to  the  boundary  set 
by  the  Heisenberg- type  inequality  Eq.  (24)  of  Grangier 
and  Grosshans. 

To  conclude  this  section,  we  would  like  to  inject  a  note 
of  caution  concerning  any  discussion  involving  issues  of 
testing  Bell  s  inequalities  and  performing  quantum  tele¬ 
portation.  We  have  placed  them  in  juxtaposition  here 
to  refute  the  claims  of  Grangier  and  Grosshans  related 
to  a  possible  connection  between  the  bound  F  =  |  and 
Violation  of  Bell’s  inequalities  (here,  via  the  behavior  of 
the  CHSH  quantity  B  ).  However,  in  our  view  there  is 
a  conflict  between  these  concepts,  with  an  illustration 
of  this  point  provided  by  the  plot  of  the  CHSH  quan¬ 
tity  B  [Eq.  (39)]  versus  fidelity  F  [Eq.  (35)]  in  Figure 
4.  For  example,  for  =  0.90,  B  >  2  over  the  range 
0.50  <  F  <  0.66,  while  F  <  2  for  larger  values  of  F. 
Hence,  local  hidden  variables  theories  are  excluded  for 
modest  values  of  fidelity  0.50  <  F  <  0.66,  but  not  for 
larger  values  F  >  0.66.  This  leads  To  the  strange  con¬ 
clusion  that  quantum  resources  are  required  for  smaller 
values  of  fidelity  but  not  for  larger  ones.  The  point  is 
that  the  nonseparable  states  that  can  enable  quantum 
teleportation,  can  in  a  different  context  also  be  used  to 
demonstrate  a  violation  of  local  realism.  Again,  the  jux¬ 
taposition  of  these  concepts  in  this  section  is  in  response 
to  the  work  of  Ref.  [11],  which  in  any  event  offers  no 
quantitative  evidence  in  support  of  their  association. 


VI.  BELL’S  INEQUALITIES  FOR  SCALED 
CORRELATIONS 

I  he  conclusions  reached  in  the  preceding  section  about 
violations  of  the  CHSH  inequality  by  the  EPR  (mixed) 
state  for  modes  (1,2)  follow  directly  from  the  analvsis  of 
Banaszek  and  Wodkiewicz  [18,19]  as  extended  to  account 
for  losses  in  propagation.  Towards  the  end  of  making 
these  results  more  amenable  to  experimental  investiga¬ 
tion,  recall  that  the  more  traditional  versions  of  the  Bell 
inequalities  formulated  for  spin  i  particles  or  photon  po¬ 
larizations  are  based  upon  an  analysis  of  the  expectation 
value 

*)  (43) 

for  detection  events  at  locations  (1,2)  with  analyzer  set¬ 
tings  along  directions  {S,b).  As  emphasized  by  Clauser 
and  Shimony,  actual  e.xperiments  do  not  measure  di- 
rectly  E{a,  b)  but  rather  record  a  reduced  version  due 
to  imperfections  in  the  analyzers,  detectors,  and  state 
preparation  [20],”  Even  after  more  than  thirty  years  of 


experiments,  no  direct  violation  of  the  CHSH  inequal¬ 
ity  has  been  recorded,  where  by  direct  we  mean  without 
the  need  for  post-.selection  to  compensate  for  propaga¬ 
tion  and  detection  efficiencies  (also  called  strong  viola¬ 
tions)  [22,23].  Rather,  only  subsets  of  events  that  give 
rise  to  coincidences  are  included  for  various  polarization 
settings.  This  "problem”  is  the  .so-called  detector  effi¬ 
ciency  loophole  that  several  groups  are  actively  working 
to  close. 

Motivated  by  these  considerations,  we  point  out  that 
an  observation  of  violation  of  a  Bell-tvpe  inequalitv  has 
recently  been  reported  [24],  based  in  large  measure 'upon 
the  earlier  proposal  of  Ref.  [46],  as  well  as  that  of  R.efs: 
[18,19].  Phis  experiment  was  carried  out  in  a  pulsed 
mode,  and  utilized  a  source  that  generates  an  EPR  state 
of  the  form  given  by  Eq.  (11)  in  the  limit  r  <  1.  Here, 
the  probability  P(qi,  0:2)  of  detecting  a  coincidence  event 
between  detectors  for  the  EPR  beams  (1,2)  is 

given  by 

P(ai,a2)  =  M[1  +  V cos((pi  -  cp^  +  i9)],  (44) 

with  then  the  correlation  function  E  relevant  to  the  con¬ 
struction  of  a  CHSH  inequality  -2  <  S'  <  2  given  by 

F(<^i,  1^2)  =  l/cos(^6i  -  ,;62  +  f?),  (45) 

where  the  various  quantities  are  as  defined  in  associa¬ 
tion  with  Eqs.  (2,3)  in  Ref.  [24].  Note  that  the  quantity 
M  represents  an  overall  scaling  that  incorporates  losses 
in  propagation  and  detection.  Significantly,  Kuzmich 
et^  al.  demonstrated  a  violation  of  a  CHSPT  inequality 
(5«xp  =  2.46  ±0.06)  in  the  limit  r  C  1  and  with  ineffi¬ 
cient  propagation  and  detection  r/  <  1,  albeit  wdth  the 
so-called  “detection”  or  “fair-sampling”  loophole. 

In  terms  of  our  current  discussion,  this  experimental 
violation  of  a  CHSH  inequality  is  only  just  within  the 
nonseparability  domain  +  Ap2  <  1  (by  an  amount 
that  goes  as  <g;  1),  yet  it  generates  a  large  violation 
of  a  CHSH  inequality.  If  this  same  EPR  state  were  em¬ 
ployed  for  the  teleportation  of  coherent  states,  the  fi¬ 
delity  obtained  would  likewise  be  onlv  slightly  beyond 
the  quantum-classical  boundary  =  i.'jt  would 

be  far  from  the  boundary  F  =  |  offered  by  Grangier 
and  Grosshans  as  the  point  for  “useful  entanglement,” 
yet  it  would  nonetheless  provide  an  example  of  telepoT 
tation  with  fidelity  F  >  i  and  of  a  violation  of  a  CHSH 
inequality.  Of  course,  the  caveat  would  be  the  aforemen¬ 
tioned  “fair-sampling”  loophole,  but  this  same  restriction 
accompanies  all  previous  experimental  demonstrations  of 
violations  of  Bell's  inequalities.  Once  again,  we  find  no 
support  for  the  purported  significance  of  the  criteria  of¬ 
fered  by  Grangier  and  Grosshans  [11,12]. 


VIL  CONCLUSIONS 

Beyond  the  initial  analysis  of  Ref.  [6],  we  have  exam¬ 
ined  further  the  question  of  the  appropriate  point  of  de¬ 
marcation  between  the  classical  and  quantum  domains 
for  the  teleportation  of  coherent  states.  In  support  of  our 
previous  result  that  fidelity  Fdassicat  =  k  represents  the 
bound  attainable  by  Alice  and  Bob  if  they  make  use  only 
of  a  classical  channel,  we  have  shown  that  the  nonsepara¬ 
bility  criteria  introduced  in  Refs.  [14,15]  are  sufficient  to 
ensure  fidelity  beyond  this  bound  for  teleportation  with 
the  EPR  state  of  Eq.  (11),  which  is  in  general  a  mixed 
state.  Significantly,  the  threshold  for  entanglement  for 
the  EPR  beams  as  quantified  by  these  nonseparability 
criteria  coincides  with  the  standard  boundary  between 
classical  and  quantum  domains  employed  in  Quantum 
Optics,  namely  that  the  Glauber-vSudarshan  phcise- space 
function  becomes  non-positive  definite  [17]. 

Furthermore,  we  have  investigated  possible  violations 
of  BelPs  inequalities  and  have  shown  that  the  thresh¬ 
old  for  the  onset  of  such  violations  again  corresponds  to 
Fciassicai  =  Foi*  thermal  photon  number  n  =  0  as 
appropriate  to  current  experiments,  direct  violations  of 
a  CHSH  inequality  are  obtained- over  a  large  domain  in 
the  degree  of  squeezing  r  and  overall  efficiency  r/.  Sig¬ 
nificant  relative  to  the  claims  of  Grangier  and  Grosshans 
[11,12]  is  that  there  is  a  regime  for  nonseparability  and 
violation  of  the  CHSH  inequality  for  which  F*  <  §  and 
for  which  their  Heisenberg  inequalities  are  not  satisfied. 
Moreover,  the  experiment  of  Ref.  [24]  has  demonstrated 
a  violation  of  the  CHSH  inequality  in  this  domain  for 
(t,  77)  1  (i.e.,  F  would  be  only  slightly  beyond  albeit 

with  the  caveat  of  the  “fair-sampling”  loophole.  VVe  con¬ 
clude  that  fidelity  -P  >  |  offers  absolutely  no  warranty 
or  “safety”  relative  to  the  issue  of  violation  of  a  Bell  in¬ 
equality  (as  might  be  desirable,  for  example,  in  ciuantum 
cryptography),  in  direct  disagreement  with  the  assertions 
by  Grangier  and  Grosshans.  Quite  the  contrary,  larger  r 
(and  hence  larger  F)  leads  to  an  exponentially  decreasing 
domain  in  allowed  loss  (1  -  r/)  for  violation  of  the  CHSH 
inequality,  as  expressed  by  Eq.  (40)  [44]. 

Moreover,  beyond  the  analysis  that  we  have  pre¬ 
sented  here,  there  are  several  other  results  that  sup¬ 
port  Fciassicai  =  |  as  being  the  appropriate  boundary 
.between  quantum  and  classical  domains.  In  particular, 
we  note  that  any  nonseparable  state  and  hence  also  our 
mixed  EP R  state  is  always  capable  of  teleporting  perfect 
entanglement,  i.e.,  one  half  of  a  pure  maximally  entan¬ 
gled  state.  This  applies  also  to  those  nonseparable  states 
which  lead  to  fidelities  §  -P  ^  |  in  coherent-state  tele¬ 
portation.  According  to  Refs.  [11,12],  this  would  force 
the  conclusion  that  there  is  entanglement,  that  is  capable 
of  teleporting  truly  nonclassical  features  (i.e,,  entangle¬ 
ment),  but  which  is  not  “useful”  for  teleporting  rather 
more  classical  states  such  as  coherent  states.  Further, 


in  Ref.  [47]  it  has  been  shown  that  entanglement  swap¬ 
ping  can  be  achieved  with  two  pure  EPR  states  for  any 
nonzero  squeezing  in  both  initial  states.  Neither  of  the 
initial  states  has  to  exceed  a  certain  amount  of  squeez¬ 
ing  in  order  to  enable  successful  entanglement  swapping. 
This  is  another  indication  that  P’  =  |,  which  is  exceed- 
able  in  coherent-state  teleportation  only  with  m'ore  than 
3  dB  squeezing,  is  of  no  particular  significance. 

We  also  point  out  that  Giedke  et  al.  have  shown  that 
for  all  bipartite  Gaussian  states,  nonseparability  implies 
distillability  [48,49].  This  result  applies  to  those  non¬ 
separable  states  for  which  ^  <  F  <  |  in  coherent  state 
teleportation,  which  are  otherwise  dismissed  by  Grangier 
and  Grosshans  as  not  “useful.”  To  the  contrary,  entan¬ 
glement  distillation  could  be  applied  to  the  mixed  EPR 
states  employed  for  teleportation  in  this  domain  (and  in 
general  for  F  >  ^)  [50],  leading  to  enhanced  teleporta¬ 
tion  fidelities  and  to  expanded  regions  for  violations  of 
BelFs  inequalities  for  the  distilled  subensemble. 

By  contrast,  there  appears  to  be  no  support  for  the 
claims  of  Grangier  and  Grosshans  [11,12]  that  their  so- 
called  Heisenberg  inequality  and  information  exchange 
are  somehow  “special”  with  respect  to  the  issue.s  of  sep¬ 
arability  and  violations  of  Bell’s  inequalities.  They  have 
neither  found  fault  in  the  prior  analysis  of  Ref.  [6], 
nor  with  the  application  of  the  work  on  nonseparabil¬ 
ity  [14-16]  to  the  current  problem.  They  have  likewise 
provided  no  analysis  that  directly  supports  their  asser¬ 
tion  that  their  Heisenberg  inequality  is  in  any  way  sig¬ 
nificant  to  the  possibility  that  “the  behavior  of  the  ob¬ 
served  quantities  can  be  mimicked  by  a  classical  and  lo¬ 
cal  model.”  [11]  Rather,  they  attempt  to  set  aside  by 
fiat  a  substantial  body  of  evidence  in  favor  of  the  bound¬ 
ary  Fciassicai  =  |  foi*  the  teleportatioTi  of  coherent  states 
with  a  lack  of  rigor  indicated  by  their  claim  that  “F  =  | 
would  be  much  safer.”  [11] 

However,  having  said  this,  we  emphasize  that  there  is 
no  criterion  for  quantum  teleportation  that  is  sufficient 
to  all  tasks.  For  the  special  case  of  teleportation  of  coher¬ 
ent  states,  the  boundary  between  classical  and  quantum 
teleportation  is  fidelity  Fciassicai  =  i  as  should  by  now 
be  firmly  established.  Fidelity  F’  >  |  will  indeed  enable 
certain  tasks  to  be  accomplished  that  could  not  other¬ 
wise  be  done  with  ^  <  F  <  However,  F  =  |  is  in  no 
sense  an  important  point  of  demarcation  for  entrance  into 
the  quantum  domain.  There  is  instead  a  hierarchy  of  fi¬ 
delity  thresholds  that  enable  ever  more  remarkable  tasks 
to  be  accomplished  via  teleportation  within  the  quantum 
domain,  with  no  one  value  being  sufficient  for  all  possi¬ 
ble  purposes.  For  example,  if  the  state  to  be  teleported 
were  some  intermediate  result  from  a  large-scale  quan¬ 
tum  computation  as  for  Shor’s  algorithm,  then  surely 
the  relevant  fidelity  threshold  would  be  well  beyond  any 
value  currently  accessible  to  experiment,  F’  ~  1  -  c,  with 
e  <  10“*^  to  be  compatible  with  current  work  in  fault  tol¬ 
erant  architectures.  We  have  never  claimed  that  F  =  ^ 
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endows  special  powers  for  all  tasks  such  as  these,  only 
that  it  provides  an  unambiguous  point  of  entry  into  the 
quantum  realm  for  the  teleportation  of  coherent  states. 
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